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Problem
Debit and credit cards contain account numbers which consist of many digits. When shopping
online, customers are often asked to type in their account number. Because there are so many
digits, it is easy to make a mistake. The last digit of the number is a specially generated check
digit which can be used to verify whether or not the number is valid. A common algorithm
used for verifying numbers is called the Luhn Algorithm. The steps performed in the Luhn
Algorithm are outlined in the flowchart below. Two examples are provided.

Example 1

• Number: 135792

• Reversal: 297531

• Digits in odd positions are
underlined: 297531

A = 2 + 7 + 3

= 12

• Double remaining digits:
2× 9 = 18

2× 5 = 10

2× 1 = 2

• Calculate B:
B = (1 + 8) + (1 + 0) + 2

= 9 + 1 + 2

= 12

• C = 12 + 12 = 24

• C does not end in zero, so
the number is not valid.

Example 2

• Number: 1357987

• Reversal: 7897531

• Digits in odd positions are
underlined: 7897531

A = 7 + 9 + 5 + 1

= 22

• Double remaining digits:
2× 8 = 16

2× 7 = 14

2× 3 = 6

• Calculate B:
B = (1 + 6) + (1 + 4) + 6

= 7 + 5 + 6

= 18

• C = 22 + 18 = 40

• C ends in zero, so the
number is valid.

The number 2643 XY 5X 081 is a valid card number when verified by the Luhn Algorithm,
where X and Y are single digits and X ≤ Y . Determine all possible values of X and Y .



Solution
When the digits of the number are reversed the resulting number is
180 X5Y X 3462. The sum of the digits in the odd positions is
A = 1 + 0 + 5 +X + 4 + 2 = 12 +X.

When the digits in the remaining positions are doubled, the following products
are obtained:

2× 8 = 16; 2×X = 2X; 2× Y = 2Y ; 2× 3 = 6; 2× 6 = 12

Let m represent the sum of the digits of 2X and n represent the sum of the digits
of 2Y . When the digit sums from each of the products are added, the sum is:

B = (1 + 6) +m+ n+ 6 + (1 + 2) = 16 +m+ n

C is the sum of A and B, so C = 12 +X + 16 +m+ n = 28 +X +m+ n.

When an integer from 0 to 9 is doubled and the digits of the product are added
together, what possible sums can be obtained? We summarize these in the
following table.

Original Digit (X or Y ) 0 1 2 3 4 5 6 7 8 9

Twice the Original Digit (2X or 2Y ) 0 2 4 6 8 10 12 14 16 18

Sum of the Digits of 2X or 2Y (m or n) 0 2 4 6 8 1 3 5 7 9

Notice that the sum of the digits of 2X or 2Y can be any integer from 0 to 9,
inclusive. It follows that the only values for m or n are the integers from 0 to 9.

Since the number is valid, C = 28 +X +m+ n must end in zero.

What are the possible values to consider for C? Since X, m, and n are each
integers from 0 to 9, the minimum value of X +m+ n is 0, and the maximum is
27. Thus, the minimum value for C is 28 and the maximum is 28 + 27 = 55. It
follows that the only valid possibilities for C that end in zero are 30, 40, and 50.
We will consider each of the three possibilities.

• Case 1: C = 30.
Then X +m+ n = 2. The only possibility is X = m = 0 and n = 2. Then
Y = 1. Thus, one solution is (X, Y ) = (0, 1).

• Case 2: C = 40.
Then X +m+n = 12. We summarize the possibilities in the following table.



X m n = 12−X −m Y Valid?
0 0 12 not possible, n > 9 no, n > 9

1 2 9 9 yes, X ≤ Y

2 4 6 3 yes, X ≤ Y

3 6 3 6 yes, X ≤ Y

4 8 0 0 no, X > Y

5 1 6 3 no, X > Y

6 3 3 6 yes, X ≤ Y

7 5 0 0 no, X > Y

8 7 −3 not possible, n < 0 no, n < 0

9 9 −6 not possible, n < 0 no, n < 0

Therefore, this case produces four valid possibilities for (X, Y ): (1, 9), (2, 3),
(3, 6) and (6, 6).

• Case 3: C = 50.
Then X +m+n = 22. We summarize the possibilities in the following table.

X m n = 22−X −m Y Valid?
0 0 22 not possible, n > 9 no, n > 9

1 2 19 not possible, n > 9 no, n > 9

2 4 16 not possible, n > 9 no, n > 9

3 6 13 not possible, n > 9 no, n > 9

4 8 10 not possible, n > 9 no, n > 9

5 1 16 not possible, n > 9 no, n > 9

6 3 13 not possible, n > 9 no, n > 9

7 5 10 not possible, n > 9 no, n > 9

8 7 7 8 yes, X ≤ Y

9 9 4 2 no, X > Y

Therefore, this case produces one valid possibility for (X, Y ): (8, 8).

We have examined all possible values for C. Therefore, there are six valid
possibilities for (X,Y ): (0, 1), (1, 9), (2, 3), (3, 6), (6, 6), and (8, 8).

These correspond to the following six card numbers, which are indeed valid by
the Luhn Algorithm:
2643 0150 081, 2643 1951 081, 2643 2352 081, 2643 3653 081, 2643 6656 081,
and 2643 8858 081.


