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P
Problem of the Week
Y Problem D and Solution
* Isosceles Delight
Q

R
Problem

APQR is right-angled at ). Point X lies on PQ, point Z lies on QR, and point Y lies on PR
such that PX = PY and RZ = RY.

Determine the measure of /XY Z.

Solution p
Solution 1

Let ZRYZ = a° and ZPY X =0°.
Since RY = RZ, ARY Z is isosceles and /RZY = /ZRY Z = a°. Yy

Since PY = PX, APY X isisosceles and ZPXY = /ZPY X = b°. x
AI

The angles in a triangle sum to 180°. Therefore, in ARY Z,

LYRZ + ZRYZ + ZRZY = 180°
LY RZ 4+ a° + a° = 180°
LY RZ =180° — 2a°

In APQR,
ZRPQ+ ZPQR+ ZQRP = 180°
ZRPQ +90° + (180° — 2a°) = 180°
/RPQ = 2a° — 90°
In APY X,

LPYX + /ZPXY 4+ ZYPX = 180°
b +0b° + LY PX = 180°

Since LY PX = ZRP(Q (same angle), we have
b° 4+ b° + (2a° — 90°) = 180°
2b° = 270° — 2a°
b° = 135° — a°

Now, PY R forms a straight line, so ZPY R = 180°. That is,

LPYX + /XY Z + ZRY Z = 180°

W+ /XY Z +a® = 180°

(135° — a°) + ZXY Z + a° = 180°
/XY Z =180° — 135° = 45°
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Therefore, /XY Z = 45°. Note that in solving for ZXY 7 it is was not necessary to determine
either a® or b°.

Solution 2
In APQR, let ZRPQ = m° and ZPR(Q = n°. The angles in a triangle sum to 180°. Therefore,
in APQR,
ZRPQ + ZPQR + ZPRQ = 180°
m° + 90° + n° = 180°
m° 4+ n° = 90°

Therefore, m + n = 90.

Since PY = PX, APY X isisosceles and so /PXY = /PY X.
Also, in APY X

LPYX + /ZPXY 4+ ZYPX = 180°
LPYX 4+ ZPY X +m° = 180°
2/PY X =180° —m°

Therefore, ZPXY = ZPY X =90° — (%)".

2
Similarly, since RY = RZ, ARY Z is isosceles, and therefore /RY Z = ZRZY . Also, in
ARY 7,

LRYZ + ZRZY + LY RZ = 180°
LRYZ + ZRY Z +n° = 180°
2/RYZ =180° —n°

Therefore, ZRY Z = ZRZY = 90° — (2)°.
Since ZPY R = 180°, we have

LPYX +/XYZ + ZRY Z = 180°

(907 = (2)7) + 2xvz+ (90— (£)7) = 130°

180° — (T) _ (g) L /XYZ = 180°

2
cxve= () ()

_(m—+n\°
B 2
Therefore, since m + n = 90, we have /XY 7 = (%)o = 45°.

Therefore, /XY Z = 45°. Note that in solving for ZXY 7 it is was not necessary to determine
either m® or n°.




