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g 5 Problem of the Week
M Problem C and Solution

R r A Back and Forth

Problem

Line segments BP and AP are such that ZBPA = 12°. Points Q, R, S, T, ... alternate from
one arm of the angle to the other, with () on BP and R on AP, such that each point is located
farther away from P than the point before, and PQ) = QR = RS = ST = .... This creates
isosceles triangles APQR, AQRS, ARST, and so on. Eventually, one of the isosceles triangles
will also be an equilateral triangle.

How many isosceles triangles will be created before the equilateral triangle is created?

Solution

We will show that there will be 4 isosceles triangles created before the equilateral triangle is
created. Throughout this solution there will be references to the Exterior Angle Theorem,
which states: “The measure of an exterior angle of a triangle is equal to the sum of the
measures of the opposite interior angles.” For example, ZSQR is exterior to AQPR and
ZSQOR =ZQPR+ ZQRP.

We extend the diagram to include U on BP, V on AP, and W on BP such that

PQ=QR=RS=ST=TU =UV =VW.
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In AQPR, ZQPR = 12° and PQ = QR. Therefore, AQPR is isosceles and

ZQRP = ZQPR = 12°. Since ZSQR is exterior to AQPR, by the Exterior Angle Theorem,

/ZSQR=/QPR+ ZQRP = 12° 4+ 12° = 24°.

In ARQS, ZSQR = 24° and QR = RS. Therefore, ARQS is isosceles and
ZRSQ = ZSQR = 24°. Since ZSRT is exterior to APRS, by the Exterior Angle Theorem,
/SRT = Z/SPR+ ZPSR = 12° 4+ 24° = 36°.

In ASRT, ZSRT = 36° and SR = ST. Therefore, ASRT is isosceles and
ZSTR = ZSRT = 36°. Since LUST is exterior to APST, by the Exterior Angle Theorem,
LUST = ZSPT 4+ ZSTP = 12° 4+ 36° = 48°.

In ATSU, ZUST = 48° and ST = TU. Therefore, ATSU is isosceles and
ZTUS = ZUST = 48°. Since LUTYV is exterior to APUT, by the Exterior Angle Theorem,
LUTV = LZUPT + ZPUT = 12° 4 48° = 60°.

In AUTV, ZUTV = 60° and TU = UV. Therefore, AUTYV is isosceles and
LUVT = ZUTV =60°. Since ZUVT = LZUTV = 60°, the remaining angle in AUTV is
ZTUV = 180° — 60° — 60° = 60°. Since all three angles equal 60°, AUTV is equilateral.

Since AUTYV is the fifth isosceles triangle created, there are 4 isosceles triangles created before
the equilateral triangle is created.

EXTENSION: In our problem, we started with ZAPB = 12° and we eventually created an
equilateral triangle. What other values for ZAP B will eventually create an equilateral triangle?



