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279 = [100010111], since 279 = 28 + 24 4+ 22 4 21 + 20

k
The binary expansion of 2¥ —1 is simply a string of k& 1’s. That is, 28 —1 = [11-- - 1],.
Let’s prove this. First note that 2¥ — 1 = 2k=1 4 (28 — 1 — 2*=1). Some simplifying
gives 28 — 1 — 2k=1 = 2k=1 _ 1 Therefore, our procedure for computing the binary
expansion of 2¥ — 1 looks like this:

2k —1= 2]671 + (2]671 o 1)
2k—1 _ 1 — 2k—2 + (2k—2 _ 1)

22 —1=2"+(2' - 1)
2! —1=2°

k
Therefore 28 — 1 =2F1 4 2k=2 1 ... 4 21 £ 2050 28 — 1 =[11---1]s.

We could just solve this problem by letting our calculator deal with the decimal
approximation of v/3, but we can’t really be sure it wouldn’t make some rounding
errors. Let’s compute this, proving we have the correct binary digits along the way.

First, since 22 > 3 > 12, we know 2' > /3 > 2°. Therefore, our first step in computing
the binary expansion is v/3 = 20 + (\/§ —1) and ag = 1. To decide whether a; = 0 or
a; = 1, we need to decide whether V3—-1<2torv3—1>2"1 We have

(1+2—1)2=§<3

sol1+271 <+/3and 27! < /3 — 1. Therefore a; = 1. For the next binary digit we
need to compare v/3 — 1 — % with i. Similar to the previous computation we have

49
1+27 142722 == 53,
(1+ +27°) 16

We then conclude v3 —2° — 27! < 272 and a, = 0. To compute a; we need to
compare V3 —20—271 {0 273, We have

169

(1+2—1+2—3)2_6—4<3

so V3 —2°—271 > 273 and a3 = 1. Once more, to compute a4 we have

729
1427 423422 = """ 3
(1+ + +27%) oG



s0 V3 —20—2"1_93 > 94 4nd a4 = 1. Therefore
ap=1, ay=1, ay=0, az3=1, and ay4=1

and v/3 = [1.1011 .. ]s.

k = 3 and n = 1 works since 23% = % = %—k 1. There are infinitely many other correct
answers (k = 6 and n = 9 is another example), but we will use k = 3 and n = 1 going

forward.

Adding 1 to the number [0.aqas .. .]o changes the expansion to [l.ajas...]Js. Just like
how multiplying by 10® moves the decimal point three places to the right, multiplying
by 23 moves the point in a binary expansion three places to the right (convince yourself
this is true!). Therefore,

a1 1
25? = [&1@2613.@4&5 .. .]2 and ? +1= [1.a1a2a3 .. .]2.

From the previous part we have two different binary expressions for the same number:

1
3

—=—-+41=|l.ajazas .. .|s.

=5 [L.ajazas . . .|
Since binary expansions are unique (see Fact 2 from above the statement of the
problem on the problem sheet), these two binary expansions must be exactly the same!
Comparing the bits (remember, bits are the binary digits) of these two expansions
gives

[alagag.a4a5 .. .]2 =2

ay=ay=0, az3=1, and ar = a3
for all natural numbers k. Therefore £ = [0.001]s.

We will follow the same procedure as we did for computing the binary expansion of
% in the first three parts of this question.

First, we wish to find integers k and n so that 2"”1—31 = % + n. At this point, we don’t
even know if such integers exist, but let’s start looking anyway. If such a k£ and n
exist, we would have

3-28  341ln
11 11

so 3-2% = 3 4+ 11n. We can now search through values of k, hoping that 3 - 2% — 3 is
a multiple of 11. Let’s do exactly this.

k | 3-2F —3 | multiple of 117
1 3 no
2 9 no
3 21 no
4 45 no
5} 93 no
6 189 no
7 381 no
8 765 no
9 1533 no
10 3069 YES!



Great! So 2102 = 2 4 3009 — 3 4 979 Now let & = [0.a1a2a3 .. .]> (note that since
3 < 1, the only binary digit to the left of the point is 0). By the solution to 1(a)
above we have

3
ﬁ + 279 = [100010111.&1&2&3 .. .]2.

Since multiplying by 2'° shifts the point 10 places to the right we have

210 3 _
ﬁ = [a1a2a3a4a5aﬁa7a8a9a10-a11a12a13 .- -]2-

Comparing these two expansions gives us

a; =0
as =1
a3 =0
as =0
as =10
ag =1
a; =0
ag =1
ag =1

ajp =1, and

Ay = a+10
for all integers ¢ > 1. Therefore 2 = [0.0100010111],.

3. The key observation here is that ,/p is not rational. Let \/p = [anGn_1 - a1ap.a_1a_9a_3- - |s.
Suppose there are only finitely many 1’s. Then there is some k so that a_j is the very last
1 that appears. Then

_ a_q a_o a_
=aq, 2" nop -2 .9 Bt Tt O i
\/ﬁ a + anp—1 + + ap + ag + B + 92 + + ok
which is a rational number, contradicting the fact that ,/p is irrational. Therefore, the
binary expansion of /p must have infinitely many 1’s.

Now suppose that there are only finitely many 0’s. If there are only finitely many 1’s, then
the above argument shows ,/p is rational, so we must have infinitely many 1’s. Then the
binary expansion must take the form

VD = [anGp_1 - a1ag.a_1a_s - - - a_01]5

that is, the binary expansion eventually becomes just a string of 1’s. However (by Fact
1 at the beginning of the questions in the problem document), we know such a binary
expansion is equal to the binary expansion

VD = [AnGp_1 - 1G0.0_1G_3 - - - a_j1]o

and we again have only finitely many 0’s (by assumption) and finitely many 1’s (as we
have just shown), contradicting the fact |/p is irrational. Alas, we are forced to conclude
that the binary expansion of ,/p has infinitely many 0’s and infinitely many 1’s.

3



4. Let v/2 = [l.a1aza;3 . ..]o. Choose k so that ax = 1 (such a k exists since there are infinitely
many 1’s in the binary expansion of v/2 by Question 3). Then

2" 1V2 = [layay - - ap_1.1aps1Ghsa - - )2
SO
L2k_1\/§J = [layag---ak_1]2 and k=12 — L2k_1\/§J = [0.1ag 10542 - - |2

Since there are infinitely many 1’s in the binary expansion of \/5, [0.0agr1ak12 ]2 > 0.
Therefore,

k=12 — |2871V/2] = [0.1]5 + [0.0ak 410442 - - - |2 > [0.1], = %

By the definition of the floor function, 1 > 2F~'y/2 — |2¥-14/2]. Combining the two
inequalities gives

1
1> 212 — 212 > >

Some manipulation of the inequalities gives
1
2F1V2 — 1 < [2F1V2] < 2F V2 — 5

Multiplying all sides of the inequalities by /2 and then adding v/2 gives

28 < (122 + )vV2 < 28 + g

Let m = |2F~'/2] + 1, which is a positive integer. Since \/75 < 1 we have
2F <mv2 < 2F 41

and therefore |m+/2] = 2*. Since there are infinitely many k so that a, = 1, there are
infinitely many elements of the sequence

V2], 12v2],13V2], [4V2], |5V2], ...

that are powers of 2.



