
Problem of the Week
Problem A and Solution

Circular Calculations

Problem
Robbie was practising his math and discovered some interesting sequences.

A) Robbie picked a random number to start. Then he wrote out that number in words and
counted its number of characters. Then he wrote the resulting number, and counted its
number of characters. He continued this sequence for as long as he could. For example
when he started with seventy-eight, this was the result:

seventy-eight → (13) thirteen → (8) eight → (5) five → (4) four

Try following this procedure with other numbers to start. Do you see any pattern? Do you
expect to see the same result for any starting number?

B) Robbie discovered another interesting result. Follow this procedure:

• Start with any positive integer.
• If the number is even, divide by 2. For example if the number is 26, the next number

in the sequence is 13.
• If the number is odd, multiply by 3 and add 1. For example, if the number is 13, the

next number in the sequence is (13× 3) + 1 = 40.
• Continue the sequence as long as you can.

Try this procedure with the following numbers to start: 5, 26, 15, 50. Do you see a
pattern? Do you expect to see the same result for any starting number?

Challenge: Try this procedure starting with 27.

Solution

A) All of the sequences will converge to four. Interestingly, this will be true even with spelling
mistakes. For example, the sequence will be different if you start with fourty-three instead
of forty-three, but both sequences will converge to four.

Credit to Lorna Morrow

B) All of the sequences will converge to 1.

• 5, 16, 8, 4, 2, 1
• 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1
• 15, 46, 23, 70, 35, 106, 53, 160, 80, 40, 20, 10, 5, 16, 8, 4, 2, 1
• 50, 25, 76, 38, 19, 58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1



Teacher’s Notes

We could make a logical argument that the sequence in part A) will always converge to four.

• The number four has 4 characters. So the sequence will stop at this point.

• The numbers five and nine each have 4 characters. So they are one step away from the
end of the sequence.

• The numbers three, seven, and eight each have 5 characters. So they are two steps away
from the end of the sequence.

• The numbers one, two, six, and ten each have 3 characters. So they are three steps away
from the end of the sequence.

This covers all cases of the numbers from 1 to 10. We can argue that all numbers that are
greater than 10 have fewer characters in their written versions than their individual numerical
values. For example, seventeen is the number between 11 and 20 that has the most characters
in its name (9 characters). So, the next step in the sequence for any number that is greater
than 10 must be a smaller number. This means eventually, the sequence will lead to a number
that is less than or equal to 10. Once we get to a point in the sequence where we have a
number between 1 and 10, we are at most three steps away from the end of the sequence. So
this sequence will always converge to four.

Although it takes a long time when you start with the number 27, using the procedure in
part B), the sequence will converge to 1. However it takes 111 steps.

27, 82, 41, 124, 62, 31, 94, 47, 142, 71, 214, 107, 322, 161, 484, 242, 121, 364, 182,
91, 274, 137, 412, 206, 103, 310, 155, 466, 233, 700, 350, 175, 526, 263, 790, 395,
1186, 593, 1780, 890, 445, 1336, 668, 334, 167, 502, 251, 754, 377, 1132, 566, 283,
850, 425, 1276, 638, 319, 958, 479, 1438, 719, 2158, 1079, 3238, 1619, 4858, 2429,
7288, 3644, 1822, 911, 2734, 1367, 4102, 2051, 6154, 3077, 9232, 4616, 2308, 1154,
577, 1732, 866, 433, 1300, 650, 325, 976, 488, 244, 122, 61, 184, 92, 46, 23, 70, 35,
106, 53, 160, 80, 40, 20, 10, 5, 16, 8, 4, 2, 1

Mathematicians believe that starting with any positive integer, the steps described in part B)
will always lead to a sequence that converges to 1. This is known as the Collatz Conjecture.
However, proving this is true for all positive integers is an open problem. There is experimental
evidence that shows this is true for very large numbers; however, there is no formal proof that
the conjecture holds for all positive integers.


