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Number Sense (N)

TAKE ME
TO THE
COVER

Problem of the Week
Problem D
Grandpa’s Math
Bryn’s Grandpa is always creating math problems for her to solve.
In one problem, he gave her a store receipt that listed 72 identical items, each the
same price, for a total cost of
$ F67.9F
Bryn’s Grandpa covered the first and last digits of the total price on the receipt
with stars.
Determine the values of the digits that Bryn’s Grandpa covered.

Problem of the Week
Problem D and Solution
Grandpa’s Math
Problem
Bryn’s Grandpa is always creating math problems for her to solve. In one problem, he gave her
a store receipt that listed 72 identical items, each the same price, for a total cost of
$ F 6 7 . 9 F. Bryn’s Grandpa covered the first and last digits of the total price on the receipt
with stars. Determine the values of the digits that Bryn’s Grandpa covered.

Solution
Let the total price of the 72 items be A679B cents.
We know the total value of the 72 identical items. We could find the value of 1 item by
dividing the total value by 72. Since the total value of the items is divisible by 72, it is also
divisible by the divisors of 72, namely 1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, and 72.
If a number is divisible by 4, the last two digits of the number are divisible by 4. Therefore 9B
is divisible by 4. The only two digit numbers beginning with 9 that are divisible by 4 are 92
and 96. So the only possible values for B are 2 and 6. The value of the 72 items is either
A6792 or A6796. But the number must also be divisible by 8. To be divisible by 8, the last
three digits of the number must be divisible by 8. Of the two possible numbers, 792 and 796,
only 792 is divisible by 8. Therefore, the last digit of the price is 2 and we now know that 72
items cost A6792 cents.
If a number is divisible by 9, the sum of the digits of the number is divisible by 9. So
A + 6 + 7 + 9 + 2 = A + 24 must be divisible by 9. Since A is a single digit from 0 to 9, the
sum A + 24 is an integer from 24 to 33. The only number in this range divisible by 9 is 27. It
follows that A + 24 = 27 and A = 3.
Therefore, the 72 items cost $367.92 and the missing digits are 3 and 2. Each item cost
$367.92 ÷ 72 or $5.11.
Note: This approach is very efficient but the solver must be careful. The numbers 4 and 9 both
divide 72 and any number that is divisible by 72. It does not follow that a number divisible by
4 × 9 = 36 is also divisible by 72. For example, 108 is divisible by 36 but not divisible by 72. In
this solution we found a number divisible by both 8 and 9. Since 8 and 9 have no common
factors and 8 × 9 = 72, a number divisible by 8 and 9 is also divisible by 72.
It is also possible to solve this problem using systematic trial and error. That is, you could first
find the value of B by performing the multiplication for all possible values of B. In this case,
since there are only 10 possible values of B (the digits from 0 to 9), the solution can be found
reasonably quickly.

Problem of the Week
Problem D
The Perfect Mix
The proprietor of a lemon drink stand is trying to create the perfect summer
lemon drink by combining two drinks that have already been prepared. The first
lemon drink consists of a mixture of water and pure lemon juice in the ratio 2 : 1,
by volume. The second lemon drink, with twice the volume of the first lemon
drink, is filled with a mixture of water and pure lemon juice in the ratio 3 : 1, by
volume. The contents of the two drinks are combined together into a third drink.
This combination produces the perfect mix.
Determine the ratio of water to pure lemon juice, by volume, in the perfect mix.

Problem of the Week
Problem D and Solution
The Perfect Mix
Problem
The proprietor of a lemon drink stand is trying to create the perfect summer lemon drink by
combining two drinks that have already been prepared. The first lemon drink consists of a
mixture of water and pure lemon juice in the ratio 2 : 1, by volume. The second lemon drink,
with twice the volume of the first lemon drink, is filled with a mixture of water and pure lemon
juice in the ratio 3 : 1, by volume. The contents of the two drinks are combined together into a
third drink. This combination produces the perfect mix. Determine the ratio of water to pure
lemon juice, by volume, in the perfect mix.

Solution
Solution 1
Let V represent the volume of the first drink. Then 2V represents the volume of the second
drink.
Since the ratio of water to pure lemon juice, by volume, in the first drink is 2 : 1 then 32 of the
volume of the first drink is water. That is, the volume of water in the first drink is 23 V and the
volume of pure lemon juice in the first drink is 31 V .
Since the ratio of water to pure lemon juice, by volume, in the second drink is 3 : 1 then 34 of
the volume of the second drink is water. That is, the volume of water in the second drink is
3
(2V ) = 32 V and the volume of pure lemon juice in the second drink is 14 (2V ) = 12 V .
4
When the contents of the two drinks are combined to produce the third drink, the volume of
V and the volume of pure lemon juice is
water is 23 V + 32 V = 64 V + 96 V = 13
6
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The ratio of water to pure lemon juice, by volume, in the perfect mix is

13
V
6

: 65 V = 13 : 5.

Solution 2
Let 16 of the contents of the first drink be a unit of volume. Since the ratio of water to pure
lemon juice, by volume, in the first drink is 2 : 1, then 4 units of volume are water and 2 units
of volume are pure lemon juice, a total of 6 units of volume in the first drink.
Since the second drink has twice the volume of the first drink, the second drink has 12 units of
volume. The ratio of water to pure lemon juice, by volume, in the second drink is 3 : 1 so 9
units of volume are water and 3 units of volume are pure lemon juice.
When the two drinks are combined there is a total of 6 + 12 = 18 units of volume, 4 + 9 = 13 of
which are water and 2 + 3 = 5 of which are pure lemon juice.
Therefore, the ratio of water to pure lemon juice, by volume, in the perfect mix is 13 : 5.

Problem of the Week
Problem D
More Power, Mr. Scott!
Mr. Scott likes to pose interesting problems to his Mathematics classes. Today,
he started with the expression 62020 + 72020 . He stated that the expression was
not equivalent to 132020 and that he was not interested in the actual sum. His
question to his class and to you is, “What are the final two digits of the sum?”

Problem of the Week
Problem D and Solution
More Power, Mr. Scott!
Problem
Mr. Scott likes to pose interesting problems to his Mathematics classes. Today, he started with
the expression 62020 + 72020 . He stated that the expression was not equivalent to 132020 and that
he was not interested in the actual sum. His question to his class and to you is, “What are the
final two digits of the sum?”
Solution
Solution 1
Let’s start by examining the last two digits of various powers of 7.
71 =
07
5
7 = 16 807

72 =
49
6
7 = 117 649

73 =
343
7
7 = 823 543

74 =
2401
8
7 = 5 764 801

Notice that the last two digits repeat every four powers of 7. If the pattern continues, then 79
ends with 07, 710 ends with 49, 711 ends with 43, 712 ends with 01, and so on. We can simply
compute these powers of 7 to verify this for these examples, but let’s justify why this pattern
continues in general. If a power ends in “07”, then the last 2 digits of the next power are the
same as the last 2 digits of the product 07 × 7 = 49. That is, the last 2 digits of the next power
are “49”. If a power ends in “49”, then the last 2 digits of the next power are the same as the
last two digits of the product 49 × 7 = 343. That is, the last two digits of the next power are
“43”. If a power ends in “43”, then the last 2 digits of the next power are the same as the last
two digits of the product 43 × 7 = 301. That is, the last two digits of the next power are “01”.
Finally, if a power ends in “01”, then the last 2 digits of the next power are the same as the last
two digits of the product 01 × 7 = 07. That is, the last two digits of the next power are “07”.
Therefore, starting with the first power of 7, every four consecutive powers of 7 will have the
last two digits 07, 49, 43, and 01.
We need to determine the number of complete cycles by dividing 2020 by 4. Since
2020 ÷ 4 = 505, there are 505 complete cycles. This means that 72020 is the last power of 7 in
the 505th cycle and therefore ends with 01.
Next we will examine the last two digits of various powers of 6.
61 = 06

62 =
36
7
6 = 279 936

63 =
216
8
6 = 1 679 616

64 =
1296
9
6 = 10 077 696

65 =
7776
10
6 = 60 466 176

66 =
46 656
11
6 = 362 797 056

Notice that the last two digits repeat every five powers of 6 starting with the 2nd power of 6.
This pattern can be justified using an argument similar to the one above for powers of 7. So
612 ends with 36, 613 ends with 16, 614 ends with 96, 615 ends with 76, 616 ends with 56, and so
on. Starting with the second power of 6, every five consecutive powers of 6 will have the last
two digits 36, 16, 96, 76, and 56.
We need to determine the number of complete cycles in 2020 by first subtracting 1 to allow for
06 at the beginning of the list and then dividing 2020 − 1 or 2019 by 5. Since 2019 ÷ 5 = 403
remainder 4, there are 403 complete cycles and 45 of another cycle. Since 403 × 5 = 2015,
62015+1 = 62016 is the last power of 6 in the 403rd cycle and therefore ends with 56.

To go 45 of the way into the next cycle tells us that the number 62020 ends with the fourth
number in the pattern, namely 76. In fact, we know that 62017 ends with 36, 62018 ends with 16,
62019 ends with 96, 62020 ends with 76, and 62021 ends with 56 because they would be the
numbers in the 404th complete cycle.
Therefore, 62020 ends with the digits 76.
The final two digits of the sum 62020 + 72020 are found by adding the final two digits of 62020
and 72020 . Therefore, the final two digits of the sum are 01 + 76 = 77.
Solution 2
From the first solution, we saw that the last two digits of powers of 7 repeat every 4
consecutive powers. We also saw that the last two digits of powers of 6 repeat every 5
consecutive powers after the first power of 6.
Let’s start at the second powers of both 7 and 6. We know that the last two digits of 72 are 49
and the last two digits of 62 are 36. When will this combination of last two digits occur again?
The cycle length for powers of 7 is 4 and the cycle length for powers of 6 is 5.
The least common multiple of 4 and 5 is 20. It follows that 20 powers after the second power,
the last two digits of the powers of 7 and 6 will end with the same two digits as the second
powers of each. That is, the last two digits of 722 and 72 are the same, namely 49. And, the last
two digits of 622 and 62 are the same, namely 36. The following table illustrates this repetition.
Powers

72

73

74

75

76

77

78

79

710

711

712

713

714

715

716

717

718

719

720

721

722

Last 2 digits

49

43

01

07

49

43

01

07

49

43

01

07

49

43

01

07

49

43

01

07

49

Powers

62

63

64

65

66

67

68

69

610

611

612

613

614

615

616

617

618

619

620

621

622

Last 2 digits

36

16

96

76

56

36

16

96

76

56

36

16

96

76

56

36

16

96

76

56

36

Since 2000 is a multiple of 20, we then know that the 2022nd power of 7 will end with 49 and
that the 2022nd power of 6 will end in 36.
Working backwards through the cycle of the last two digits of powers of 7, it follows that the
2021st power of 7 ends in 07 and that the 2020th power of 7 ends in 01.
Working backwards through the cycle of the last two digits of powers of 6, it follows that the
2021st power of 6 ends in 56 and that the 2020th power of 6 ends in 76.
The final two digits of the sum 62020 + 72020 are found by adding the final two digits of 62020
and 72020 . Therefore, the final two digits of the sum are 01 + 76 = 77.

Problem of the Week
Problem D
One, Two, Tree!
Every year on November 1, the Stablo family plants a tree. This tradition has
happened for generations and the first tree the family planted is now 183 years
old. Two of the trees were planted in their backyard; one is an apple tree and the
other is a maple tree. The maple tree is older than 100, but was not the first tree
planted. On November 1 of this year, the age of the maple tree is fifteen times
the age of the apple tree.
On November 1 of some year from now, the age of the maple tree will be eleven
times the age of the apple tree. How old are the trees that year?

Problem of the Week
Problem D and Solution
One, Two, Tree!
Problem
Every year on November 1, the Stablo family plants a tree. This tradition has happened for
generations and the first tree the family planted is now 183 years old. Two of the trees were
planted in their backyard; one is an apple tree and the other is a maple tree. The maple tree is
older than 100, but was not the first tree planted. On November 1 of this year, the age of the
maple tree is fifteen times the age of the apple tree.
On November 1 of some year from now, the age of the maple tree will be eleven times the age
of the apple tree. How old are the trees that year?

Solution
Solution 1:
Since the age of the maple tree is fifteen times the age of the apple tree, the maple tree’s age must be
a multiple of 15 that is greater than 100 and less than 183. The maple tree’s possible ages and
corresponding possible ages for the apple tree are shown in the table below.
Maple Tree’s Age
Apple Tree’s Age

105
7

120
8

135
9

150
10

165
11

180
12

At some time in the future, the age of the maple tree will be eleven times the age of the apple tree.
Let’s let n be the number of years from now until this is true, where n is an integer.
We will look at the possible cases.
1. Could the apple tree be 7 years old and the maple tree 105 years old now?
Then in n years, the apple tree would be 7 + n years old and the maple tree would be 105 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(7 + n) = 105 + n. Solving for n, we get 77 + 11n = 105 + n or 10n = 28 or n = 2.8.
Since n is not an integer, it is not possible for the apple tree to be 7 and the maple tree to be
105.
2. Could the apple tree be 8 years old and the maple tree 120 years old now?
Then in n years, the apple tree would be 8 + n years old and the maple tree would be 120 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(8 + n) = 120 + n. Solving for n, we get 88 + 11n = 120 + n or 10n = 32 or n = 3.2.
Since n is not an integer, it is not possible for the apple tree to be 8 and the maple tree to be
120.
3. Could the apple tree be 9 years old and the maple tree 135 years old now?
Then in n years, the apple tree would be 9 + n years old and the maple tree would be 135 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(9 + n) = 135 + n. Solving for n, we get 99 + 11n = 135 + n or 10n = 36 or n = 3.6.
Since n is not an integer, it is not possible for the apple tree to be 9 and the maple tree to be
135.

4. Could the apple tree be 10 years old and the maple tree 150 years old now?
Then in n years, the apple tree would be 10 + n years old and the maple tree would be 150 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(10 + n) = 150 + n. Solving for n, we get 110 + 11n = 150 + n or 10n = 40 or n = 4.
This is 4 years from now. The apple tree would then be 14 and the maple tree would be 154.
Since 14 × 11 = 154, at this point, the maple tree’s age is eleven times the apple tree’s age. So
this is a solution, however we need to check the two remaining possibilities for completeness.
5. Could the apple tree be 11 years old and the maple tree 165 years old now?
Then in n years, the apple tree would be 11 + n years old and the maple tree would be 165 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(11 + n) = 165 + n. Solving for n, we get 121 + 11n = 165 + n or 10n = 44 or
n = 4.4. Since n is not an integer, it is not possible for the apple tree to be 11 and the maple
tree to be 165.
6. Could the apple tree be 12 years old and the maple tree be 180 years old now?
Then in n years, the apple tree would be 12 + n years old and the maple tree would be 180 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(12 + n) = 180 + n. Solving for n, we get 132 + 11n = 180 + n or 10n = 48 or
n = 4.8. Since n is not an integer, it is not possible for the apple tree to be 12 and the maple
tree to be 180.
We have considered all of the possible cases. The age of the maple tree will be eleven times the age of
the apple tree in 4 years when the apple tree is 14 and the maple tree is 154. Although it was not
asked, today the apple tree is 10 and the maple tree is 150.

Solution 2:
Let a represent the age of the apple tree today and m represent the age of the maple tree today. Since
the age of the maple tree is fifteen times the age of the apple tree, it follows that m = 15a.
Let n be the number of years until the age of the maple tree is eleven times the age of the apple tree,
where n is a positive integer. In n years, the apple tree’s age will be a + n and the maple tree’s age
will be m + n. Then
m + n = 11(a + n)
But m = 15a so

15a + n = 11(a + n)
15a + n = 11a + 11n
4a = 10n
2a = 5n
2a
= n
5

Since both a and n are positive integers, it follows that a is divisible by 5. But in the first solution, the
possible ages for the apple tree were 7, 8, 9, 10, 11 and 12. The only multiple of 5 in this list is 10.
Therefore a = 10 and then n = 4. Since m = 15a, it follows that m = 15 × 10 = 150. Thus, today the
apple tree is 10 and the maple tree is 150. In 4 years, the apple tree will be 14, the maple tree will be
154, and the maple tree’s age will be eleven times the apple tree’s age.

Problem of the Week
Problem D
The Grandkids
My grandparents have four grandchildren. The product of the ages of the four
grandchildren is 67 184. The youngest grandchild is younger than 10, and is also
30 years younger than the oldest grandchild.
Determine all possibilities for the ages of my grandparents’ grandchildren.

Problem of the Week
Problem D and Solution
The Grandkids
Problem
My grandparents have four grandchildren. The product of the ages of the four grandchildren is
67 184. The youngest grandchild is younger than 10, and is also 30 years younger than the
oldest grandchild. Determine all possibilities for the ages of my grandparents’ grandchildren.

Solution
The first task is to factor 67 184. Since 67 184 is even, we can divide out powers
of 2 to determine that 67 184 = 24 × 4199. After some trial we discover that
67 184 = 1 × 24 × 13 × 17 × 19. Notice the inclusion of the number 1 as one of
the factors. (One of the grandchildren could be 1.)
Since the youngest grandchild is younger than 10, from the factorization we can
see that the youngest grandchild must be 1, 2, 4, or 8. We will consider these
four cases for the age of the youngest grandchild separately.
If the youngest grandchild is 1, then the oldest grandchild would be 1 + 30 = 31.
Since there is no way to combine the other factors to create the age 31, this is not
a possibility.
If the youngest grandchild is 2, then the oldest grandchild would be 2 + 30 = 32.
Since there is no way to combine the other factors to create the age 32, this is not
a possibility.
If the youngest grandchild is 4, then the oldest grandchild would be 4 + 30 = 34.
Since 34 = 2 × 17, the other ages would have to be formed by combining one
remaining power of 2, 13, and 19. That is, the other two ages could be either
2 × 13 = 26 and 19, or 13 and 2 × 19 = 38, or 2 and 13 × 19 = 247. Since
38 > 34 and 247 > 34 and the oldest grandchild is 34, the second and third
possibilities are not valid. Therefore, we find that one possibility is that the
grandchildren are 4, 34, 26 and 19.
If the youngest grandchild is 8, then the oldest grandchild would be 8 + 30 = 38.
Since 38 = 2 × 19, the other children would have to be 13 and 17. Therefore, we
find that one more possibility is that the grandchildren are 8, 38, 13 and 17
Therefore, there are two possibilities for the ages of my grandparents’
grandchildren. They could be 4, 19, 26 and 34, or they could be 8, 13, 17 and 38.

Problem of the Week
Problem D
An Exponential Year
When the expression 102021 − 2021 is evaluated, the result is a very large number.
You probably do not have enough time to perform the calculation. So, in an
effort to save you some time and paper, instead of evaluating the expression
102021 − 2021, determine the sum of the digits in the difference.

Problem of the Week
Problem D and Solution
An Exponential Year
Problem
Determine the sum of the digits in the difference when 102021 − 2021 is evaluated.

Solution
Solution 1
When the number 102021 is written out, there is a one followed by 2021 zeroes, for
a total of 2022 digits. Let’s look at what happens in our effort to subtract.

1 0 0 0 0 ··· 0 0 0 0 0 0
−2 0 2 1
Using the standard subtraction algorithm, we start with the rightmost digits. In
this case we need to borrow. But the borrowing creates a chain reaction. The
result after the borrowing is complete is shown below.

9

9

9

9

9

9

9

9

91

1 0 0 0 0 ··· 0 0 0 0 0 0
−2 0 2 1
9 9 9 9 ··· 9 9 7 9 7 9





























The four rightmost digits in the difference are 7, 9, 7, and 9. To the left of these
digits every digit is a 9. But how many nines are there? The difference has one
less digit than 102021 , so has 2021 digits. We have accounted for the four
rightmost digits. So to the left of 7979 there are 2021 − 4 = 2017 nines.
Therefore, the digit sum is
2017 × 9 + (7 + 9 + 7 + 9) = 18 153 + 32 = 18 185.

Solution 2
The expression 102021 − 2021 has the same value as (102021 − 1) − (2021 − 1).
As mentioned in Solution 1, when 102021 is written out, there is a one followed by
2021 zeroes, for a total of 2022 digits. The number (102021 − 1) is one less than
102021 and therefore is the positive whole number made up of exactly 2021 nines.
When 1 is subtracted from 2021, the difference is 2020. The following is the
equivalent subtraction question:

9 9 9 9 ··· 9 9 9 9 9 9
−2 0 2 0
9 9 9 9 ··· 9 9 7 9 7 9
The four rightmost digits in the difference are 7, 9, 7 and 9. To the left of these
digits every digit is a 9. But how many nines are there? The difference has one
less digit than 102021 , so has 2021 digits. We have accounted for the four
rightmost digits. So to the left of 7979 there are 2021 − 4 = 2017 nines.
Therefore, the digit sum is
2017 × 9 + (7 + 9 + 7 + 9) = 18 153 + 32 = 18 185.

Problem of the Week
Problem D
Another Path Using Math
A landscaper needs to fill a path measuring 2 feet by 8 feet with patio stones.
The patio stones are each 1 foot by 2 feet, so the landscaper calculates that she
will need 8 of them.
Before arranging the patio stones, the landscaper wants to look at all her options.
She can not cut or overlap the stones, and they all must fit inside the path area
without any gaps. Two possible arrangements of the stones are shown below.
How many different arrangements are there in total?

Problem of the Week
Problem D and Solution
Another Path Using Math
Problem
A landscaper needs to fill a path measuring 2 feet by 8 feet with patio stones. The patio stones
are each 1 foot by 2 feet, so the landscaper calculates that she will need 8 of them. Before
arranging the patio stones, the landscaper wants to look at all her options. She can not cut or
overlap the stones, and they all must fit inside the path area without any gaps. Two possible
arrangements of the stones are shown. How many different arrangements are there in total?

Solution
Let’s consider the ways that the patio stones can be arranged. We will imagine we are looking
at the path from the side, just like in the images shown in the question. First, notice that there
must always be an even number of patio stones that have a horizontal orientation, because
they must be placed in pairs.
• All patio stones are vertical (and none are horizontal)
This can be done in only one way.

• Six patio stones are vertical and two are horizontal
There could be 0, 1, 2, 3, 4, 5, or 6 vertical stones to the right of the horizontal stones.
So there are 7 ways that six patio stones are vertical and two are horizontal. The first 2
of these ways are shown.

• Four patio stones are vertical and four are horizontal
We need to consider sub cases:
• Case 1: There are no vertical stones between the horizontal stones.
There could be 0, 1, 2, 3, or 4 vertical stones to the right of the horizontal stones.
So there are 5 ways that four patio stones are vertical and four are horizontal when
there are no vertical stones between the horizontal stones. The first 2 of these ways
are shown.

• Case 2: There is one vertical stone between the horizontal stones.
There could be 0, 1, 2, or 3 vertical stones to the right of the rightmost horizontal
stones. So there are 4 ways that four patio stones are vertical and four are
horizontal when there is one vertical stone between the horizontal stones. The first 2
of these ways are shown.

• Case 3: There are two vertical stones between the horizontal stones.
There could be 0, 1, or 2 vertical stones to the right of the rightmost horizontal
stones. So there are 3 ways that four patio stones are vertical and four are
horizontal when there are two vertical stones between the horizontal stones. The
first 2 of these ways are shown.

• Case 4: There are three vertical stones between the horizontal stones.
There could be 0 or 1 vertical stones to the right of the rightmost horizontal stones.
So there are 2 ways that four patio stones are vertical and four are horizontal when
there are three vertical stones between the horizontal stones.

• Case 5: There are four vertical stones between the horizontal stones.
There cannot be any vertical stones to the right of the rightmost horizontal stones,
because they are all in between the horizontal stones. So there is 1 way that four
patio stones are vertical and four are horizontal when there are four vertical stones
between the horizontal stones.

• Two patio stones are vertical, six are horizontal
• Case 1: There are no horizontal stones between the vertical stones.
There could be 0, 2, 4, or 6 horizontal stones to the right of the rightmost vertical
stone. So there are 4 ways that two patio stones are vertical and six are horizontal
when there are no horizontal stones between the vertical stones. The first 2 of these
ways are shown.

• Case 2: There are two horizontal stones between the vertical stones.
There could be 0, 2, or 4 horizontal stones to the right of the rightmost vertical
stone. So there are 3 ways that two patio stones are vertical and six are horizontal
when there are two horizontal stones between the vertical stones. The first 2 of
these ways are shown.

• Case 3: There are four horizontal stones between the vertical stones.
There could be 0 or 2 horizontal stones to the right of the rightmost vertical stone.
So there are 2 ways that two patio stones are vertical and six are horizontal when
there are four horizontal stones between the vertical stones.

• Case 4: There are six horizontal stones between the vertical stones.
There cannot be any horizontal stones to the right of the rightmost vertical stone,
because they are all between the vertical stones. So there is 1 way that two patio
stones are vertical and six are horizontal when there are six horizontal stones
between the vertical stones.

• All patio stones are horizontal
This can be done in only one way.

Therefore, the total number of different arrangements of the patio stones is
1 + 7 + (5 + 4 + 3 + 2 + 1) + (4 + 3 + 2 + 1) + 1 = 34.

Problem of the Week
Problem D
Sibling Rivalry
Akira and Hideo are twins with different jobs. Akira earns five-eighths of what
Hideo earns, but Akira’s expenses are half of Hideo’s. Akira ends up saving 40%
of his income.
What percentage of his income does Hideo save?

Problem of the Week
Problem D and Solution
Sibling Rivalry
Problem
Akira and Hideo are twins with different jobs. Akira earns five-eighths of what Hideo earns,
but Akira’s expenses are half of Hideo’s. Akira ends up saving 40% of his income. What
percentage of his income does Hideo save?

Solution
Solution 1: Using only one variable
Let h represent Hideo’s income. Then Akira’s income is 58 h.
Since Akira saves 40% of his income, his expenses are 100% − 40% = 60% of his income.
60
Therefore, Akira’s expenses are 60% × 58 h = 100
× 58 h = 38 h.
Akira’s expenses are one-half of Hideo’s expenses so Hideo’s expenses are twice Akira’s
expenses. Therefore, Hideo’s expenses are 2 × 83 h = 43 h = 0.75h = 75% of h. Since Hideo’s
expenses are 75% of his income, he saves 100% − 75% = 25% of his income.
Therefore, Hideo saves 25% of his income.
Solution 2: Using two variables
Let x represent Hideo’s income and y represent Hideo’s expenses.
Then Akira’s income is 58 x and his expenses are 12 y.
Since Akira saves 40% of his income, his expenses are 60% of his income.
5
1
y = 0.60 × x
2
8
1
6
5
y =
× x
2
10 8
1
3
y =
x
2
8
3
x
y =
4
Hideo saves whatever is left of his income after expenses. Therefore Hideo saves
3
1
x − y = x − x = x = 0.25x = 25% of x.
4
4
Therefore, Hideo saves 25% of his income.

Solution 3: Using two variables a bit differently
Let 8x represent Hideo’s income and 2y represent Hideo’s expenses.
Then Akira’s income is 58 (8x) = 5x and his expenses are 12 (2y) = y.
Since Akira saves 40% of his income, his expenses are 60% of his income.
y = 0.60 × 5x
6
× 5x
y =
10
y = 3x
Hideo earns 8x and his expenses are 2y so his savings are 8x − 2y. We want the ratio of his
8x − 2y
8x − 2(3x)
2x
1
savings to his income,
=
=
= or 25% .
8x
8x
8x
4
Therefore, Hideo saves 25% of his income.

Problem of the Week
Problem D
Approved!
Debit and credit cards contain account numbers which consist of many digits. When
purchasing items online, you are often asked to type in your account number. Because there
are so many digits, it is easy to type the number incorrectly. The last digit of the number is a
specially generated check digit which can be used to quickly verify the validity of the number.
A common algorithm used for verifying numbers is called the Luhn Algorithm. A series of
operations are performed on the number and a final result is produced. If the final result ends
in zero, the number is valid. Otherwise, the number is invalid.
The steps performed in the Luhn Algorithm are outlined in the flowchart below. Two examples
are provided.
Example 2:

Example 1:
Number: 135792

Accept any
number to check.

Number: 1357987

Reversal: 297531

Reverse the digits.

Reversal: 7897531

Add all the
digits in the odd
positions. Call this A.

A=7+9+5+1
= 22

A=2+7+3
= 12
2 × 9 = 18
2 × 5 = 10
2×1=2
B = (1 + 8) + (1 + 0) + 2
=9+1+2
= 12
C = 12 + 12 = 24

2 × 8 = 16
2 × 7 = 14
2×3=6

Double each of the
remaining digits.
Add the digits in each of
the products, and then
find the sum of these
numbers. Call this B.
Calculate C = A + B.

C does not end in zero.
The number is not valid.

INVALID

C = 22 + 18 = 40
C ends in zero.
The number is valid.

Does C
end in 0?
NO

B = (1 + 6) + (1 + 4) + 6
=7+5+6
= 18

YES
VALID

The number 8763 D8D4 D6D8 0459 is a valid number when verified by the Luhn Algorithm.
D is an integer from 0 to 9 occurring four times in the number. (It may also be one of the
existing known digits.) Determine all possible values of D.

Problem of the Week
Problem D and Solution
Approved!
Accept any number to check.

Problem
Debit and credit cards contain account numbers
which consist of many digits. When purchasing
items online, you are often asked to type in your
account number. Because there are so many digits,
it is easy to type the number incorrectly. The
last digit of the number is a specially generated
check digit which can be used to quickly verify the
validity of the number. A common algorithm used
for verifying numbers is called the Luhn Algorithm.
A series of operations are performed on the number
and a final result is produced. If the final result ends
in zero, the number is valid. Otherwise, the number
is invalid.
The steps performed in the Luhn Algorithm are
outlined in the flowchart to the right.

Reverse the digits.
Add all the digits in the
odd positions. Call this A.
Double each of the
remaining digits.
Add the digits in each of the
products, and then find the sum
of these numbers. Call this B.
Calculate C = A + B.
Does C
end in 0?
NO

YES

INVALID

VALID

The number 8763 D8D4 D6D8 0459 is a valid number when verified by the Luhn Algorithm.
D is an integer from 0 to 9 occurring four times in the number. (It may also be one of the
existing known digits.) Determine all possible values of D.
Solution
Solution 1
When the digits of the number are reversed the resulting number is 9540 8D6D 4D8D 3678.
The sum of the digits in the odd positions is
A = 9 + 4 + 8 + 6 + 4 + 8 + 3 + 7 = 49
When the digits in the remaining positions are doubled, the following products are obtained:
2×5 = 10; 2×0 = 0; 2×D = 2D; 2×D = 2D; 2×D = 2D; 2×D = 2D; 2×6 = 12; and 2×8 = 16.
Let x represent the sum of the digits of 2D.
When the digit sums from each of the products are added, the sum is:
B = (1 + 0) + 0 + x + x + x + x + (1 + 2) + (1 + 6) = 1 + 0 + 4x + 3 + 7 = 4x + 11
Since C = A + B, we have C = 49 + 4x + 11 = 60 + 4x.
When an integer from 0 to 9 is doubled and the digits of the product are added together, what
are the possible sums which can be obtained?
Original Digit → D

0

1

2

3

4

5

6

7

8

9

Twice the Original Digit → 2D

0

2

4

6

8

10

12

14

16

18

The Sum of the Digits of 2D

0

2

4

6

8

1

3

5

7

9

Notice that the sum of the digits of twice the original digit can only be an integer from 0 to 9
inclusive. It follows that the only values for x are the integers from 0 to 9.
To be a valid number, the units digit of C must be 0. We want 60 + 4x to be an integer greater
than or equal to 60 such that the units digit is 0.
Can 60 + 4x = 60? When 4x = 0, then x = 0, 60 + 4x = 0 and D = 0. That is, when D = 0,
2D = 0 and the sum of the digits of 2D is x = 0. This value of D produces a valid number.
Can 60 + 4x = 70? When 4x = 10, then x = 2.5 and 60 + 4x = 70. But x must be an integer
value so this is not possible.
Can 60 + 4x = 80? When 4x = 20, then x = 5, 60 + 4x = 80 and D = 7. That is, when D = 7,
2D = 14 and the sum of the digits of 2D is x = 5. This value of D produces a valid number.
Can 60 + 4x = 90? When 4x = 30, then x = 7.5 and 60 + 4x = 90. But x must be an integer
value so this is not possible.
Can 60 + 4x = 100? When 4x = 40, then x = 10 and 60 + 4x = 100. But x must be an integer
from 0 to 9 inclusive, so this is not possible.
Every integer ending in 0 that is larger than 100 would produce a value for x greater than 10.
There are no more possible values for x or D.
Therefore, the two valid possibilities for D are 0 and 7.
When D = 0, the number is 8763 0804 0608 0459, which is indeed valid by the Luhn Algorithm.
When D = 7, the number is 8763 7874 7678 0459, which is indeed valid by the Luhn Algorithm.
Solution 2
The second solution looks at each of the possible values of D and then verifies the resulting
number. A computer program or spreadsheet could be developed to solve this problem
efficiently.
Remember that A is the sum of the digits in the odd positions of the reversal. Each of the
digits in the even positions of the reversal are doubled and B is the sum of the sum of the
digits of each of these products. C is the sum A + B.
D
0
1
2
3
4
5
6
7
8
9

Number
8763
8763
8763
8763
8763
8763
8763
8763
8763
8763

0804
1814
2824
3834
4844
5854
6864
7874
8884
9894

0608
1618
2628
3638
4648
5658
6668
7678
8688
9698

A

Reversal
0459
0459
0459
0459
0459
0459
0459
0459
0459
0459

9540
9540
9540
9540
9540
9540
9540
9540
9540
9540

8060
8161
8262
8363
8464
8565
8666
8767
8868
8969

4080
4181
4282
4383
4484
4585
4686
4787
4888
4989

3678
3678
3678
3678
3678
3678
3678
3678
3678
3678

49
49
49
49
49
49
49
49
49
49

Double Even
Digits
10, 0, 0, 0,
10, 0, 2, 2,
10, 0, 4, 4,
10, 0, 6, 6,
10, 0, 8, 8,
10, 0, 10, 10,
10, 0, 12, 12,
10, 0, 14, 14,
10, 0, 16, 16,
10, 0, 18, 18,

Therefore, the two valid possibilities for D are 0 and 7.

0, 0, 12, 16
2, 2, 12, 16
4, 4, 12, 16
6, 6, 12, 16
8, 8, 12, 16
10, 10, 12, 16
12, 12, 12, 16
14, 14, 12, 16
16, 16, 12, 16
18, 18, 12, 16

B

C

Valid /
Invalid

11
19
27
35
43
15
23
31
39
47

60
68
76
84
92
64
72
80
88
96

Valid
Invalid
Invalid
Invalid
Invalid
Invalid
Invalid
Valid
Invalid
Invalid

Problem of the Week
Problem D
Working on Camera
Today we are going to be working on camera. To be more precise, we are going
to count certain arrangements of the letters in the word CAM ERA.
The six letters, C, A, M , E, R, and A are arranged to form six letter “words”.
When examining the “words”, how many of them have the vowels A, A, and E
appearing in alphabetical order and the consonants C, M , and R not appearing
in alphabetical order? The vowels may or may not be adjacent to each other and
the consonants may or may not be adjacent to each other.
For example, each of M AAERC and ARAEM C are valid arrangements, but
ACAM ER, M EAARC, and AEACM R are invalid arrangements.

Problem of the Week
Problem D and Solution
Working on Camera
Problem
Today we are going to be working on camera. To be more precise, we are going to count
certain arrangements of the letters in the word CAM ERA.
The six letters, C, A, M , E, R, and A are arranged to form six letter “words”. When examining
the “words”, how many of them have the vowels A, A, and E appearing in alphabetical order
and the consonants C, M , and R not appearing in alphabetical order? The vowels may or may
not be adjacent to each other and the consonants may or may not be adjacent to each other.
For example, each of M AAERC and ARAEM C are valid arrangements, but ACAM ER,
M EAARC, and AEACM R are invalid arrangements.
Solution
Solution 1
In this solution we will count all of the valid six letter arrangements of C, A, M, E, R, and A
directly.
First consider the number of ways to place the vowels alphabetically in the arrangement.
1. If the first A is in the first position, then the second A may be in the second, third,
fourth, or fifth position. It cannot appear in the sixth position, as the E must appear
after the second A.
• If the second A is in the second position, the E can be placed in 4 ways (in the
third, fourth, fifth or sixth position).
• If the second A is in the third position, the E can be placed in 3 ways (in the
fourth, fifth or sixth position).
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 4 + 3 + 2 + 1 = 10 ways to place the vowels in alphabetical order so
that the first A is in the first position.
2. If the first A is in the second position, then the second A may be in the third, fourth, or
fifth position.
• If the second A is in the third position, the E can be placed in 3 ways (in the
fourth, fifth or sixth position).
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 3 + 2 + 1 = 6 ways to place the vowels in alphabetical order so the first
A is in the second position.

3. If the first A is in the third position, then the second A may be in the fourth or fifth
position.
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 2 + 1 = 3 ways to place the vowels in alphabetical order so the first A
is in the third position.
4. If the first A is in the fourth position, then the second A must be in the fifth position and
the E must be in the sixth position. So there is a total of 1 way to place the vowels in
alphabetical order so the first A is in the fourth position.
Adding each of the above results, there is a total of 10 + 6 + 3 + 1 = 20 ways to place the
vowels so that they are in alphabetical order. For each of the 20 ways to place the vowels in
alphabetical order, we find the number of valid ways to fill the remaining three positions with
the consonants so that they are not in alphabetical order.
It turns out that the consonants can be placed in the three remaining positions in six possible
orders: CM R, CRM , M CR, M RC, RCM , and RM C. One of the arrangements of the
consonants is in alphabetical order and five of the arrangements are not in alphabetical order.
So for each of the 20 arrangements in which the vowels are in alphabetical order there are 5
arrangements of the consonants so they are not in alphabetical order.
Therefore, there are 20 × 5 = 100 arrangements of the letters of the word CAM ERA in which
the vowels appear alphabetically and the consonants do not appear alphabetically.
Solution 2
In this solution we will first count the total number of arrangements of the letters in the word
CAM ERA.
Notice that there are two As. We need to be careful not to count arrangements twice. So we
will consider placing the distinct letters C, E, M, and R first. There are 6 places for the C.
For each of these placements of C, there are 5 ways to place the E. This gives a total of
6 × 5 = 30 ways to place the C and E. For each of these placements of C and E, there are 4
ways to place the M . This gives a total of 30 × 4 = 120 ways to place the C, E and M . For
each of these placements of C, E and M , there are 3 ways to place the R. This gives a total of
120 × 3 = 360 ways to place the C, E, M , and R. The two As must go in the remaining two
spots and this can be done in only 1 way. Therefore, there is a total of 360 ways to arrange the
six letters of the word CAM ERA.
In examining the 360 arrangements, you would see the vowels appearing in one of three orders:
AAE, AEA and EAA, only one of which is in alphabetical order. So in one-third of the 360
arrangements, or 120 arrangements, the vowels will appear in alphabetical order.
In examining the 120 arrangements in which the vowels appear alphabetically, the consonants
will appear in one of six different orders: CM R, CRM , M CR, M RC, RCM , and RM C.
Five-sixths of these orderings have the consonants out of alphabetical order. So five-sixths of
the 120 arrangements, or 100 arrangements, will be such that the vowels appear alphabetically
and the consonants do not appear alphabetically.
Therefore, there are 100 arrangements of the letters of the word CAM ERA in which the
vowels appear alphabetically and the consonants do not appear alphabetically.

Problem of the Week
Problem D
Perfect Squares
Determine the number of perfect squares less than 10 000 that are divisible
by 392.

Note: A perfect square is an integer that can be expressed as the product of two
equal integers. For example, 49 is a perfect square since 49 = 7 × 7 = 72 .

Problem of the Week
Problem D and Solution
Perfect Squares
Problem
Determine the number of perfect squares less than 10 000 that are divisible by 392.
Note: A perfect square is an integer that can be expressed as the product of two equal
integers. For example, 49 is a perfect square since 49 = 7 × 7 = 72 .

Solution
In order to understand the nature of perfect squares, let’s begin by examining the
prime factorization of a few perfect squares.
From the example, 49 = 72 . Also, 36 = 62 = (2 × 3)2 = 22 × 32 , and
144 = 122 = (3 × 4)2 = 32 × (22 )2 = 32 × 24 .
From the above examples, we note that, for each perfect square, the exponent on
each of its prime factors is an even integer greater than 0. This is because a
perfect square is created by multiplying an integer by itself, so all of the primes
in the factorization of the integer will appear twice. Also, for any integer a, if m
is an even integer greater than or equal to zero, then am is a perfect square. This
is because if m is an even integer greater than or equal to 0, then m = 2n for
some integer n greater than or equal to 0, and so am = a2n = an × an , where an is
an integer.
To summarize, a positive integer is a perfect square exactly when the exponent
on each prime in its prime factorization is even.
The number 392 = 8 × 49 = 23 × 72 . This is not a perfect square since the power
23 has an odd exponent. We require another factor of 2 to obtain a multiple of
392 that is a perfect square, namely 2 × 392 = 784. The number
784 = 24 × 72 = (22 × 7)2 = 282 , and is the first perfect square less than 10 000
that is divisible by 392.
To find all the perfect squares less than 10 000 that are multiples of 392, we will
multiply 784 by squares of positive integers, until we reach a product larger than
10 000.
If we multiply 784 by 22 , we obtain 3136 which is 562 , a second perfect square
less than 10 000. If we multiply 784 by 32 , we obtain 7056 which is 842 , a third
perfect square less than 10 000.
If we multiply 784 by 42 , we obtain 12 544 which is a greater than 10 000. No
other perfect squares divisible by 392 exist that are less than 10 000.
Therefore, there are 3 perfect squares less than 10 000 that are divisible by 392.

Problem of the Week
Problem D
Add On!
When sixty consecutive odd integers are added together, their sum is 4800.
Determine the largest of the sixty integers.

4800
Note:
In solving the above problem, it may be helpful to use the fact that the sum of
n(n + 1)
the first n positive integers is equal to
. That is,
2
n(n + 1)
1 + 2 + 3 + ... + n =
2
5(6)
= 15.
2
8(9)
= 36.
Also, 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 = 36, and
2
For example, 1 + 2 + 3 + 4 + 5 = 15, and

Problem of the Week
Problem D and Solution
Add On!
Problem
When sixty consecutive odd integers are added together, their sum is 4800. Determine the
largest of the sixty integers.

Solution
Solution 1
In this solution we will solve using patterns.
Let a represent the smallest number. Since the numbers are odd, they increase by 2. So the
second number is (a + 2), the third is (a + 4), the fourth is (a + 6), and so on. What does the
sixtieth number look like?
A closer look at the numbers reveals that the second number is (a + 1(2)), the third is
(a + 2(2)), the fourth is (a + 3(2)), and so on. Following the pattern, the sixtieth number is
(a + 59(2)) = a + 118. Then
a + (a + 2) + (a + 4) + (a + 6) + · · · + (a + 118)
60a + 2 + 4 + 6 + · · · + 118
60a + 2(1 + 2 + 3 + · · · + 59)


59 × 60
60a + 2
2
60a + 3540
60a
a
a + 118
Therefore, the largest odd integer in the sum is 139.

= 4800
= 4800
= 4800
= 4800, using the helpful formula.
=
=
=
=

4800
1260
21
139

Solution 2
In this solution we will use averages to solve the problem.
Let A represent the average of the sixty consecutive odd integers. The average times the
number of integers equals the sum of the integers. Since the sum of the sixty integers is 4800,
then 60A = 4800 and A = 80.
Now the integers in the sequence are consecutive odd integers. The average is even. It follows
that 30 integers are below the average and 30 integers are above. We are looking for the 30th
odd integer after the average. In fact we want the 30th odd integer after the odd number 79,
the first odd integer below the average. This integer is easily found,
79 + 30(2) = 79 + 60 = 139.
Therefore, the largest odd integer in the sum is 139.

Solution 3
In this solution we will use arithmetic sequences. This solution is presented last since many
students in grade 9 or 10 have not encountered arithmetic sequences yet.
An arithmetic sequence is a sequence in which each term after the first is obtained from the
previous term by adding a constant. The general term, tn , of an arithmetic sequence is
tn = a + (n − 1)d, where a is the first term, d is the difference between consecutive terms, and
n is the term number. The sum of the first n terms of an arithmetic sequence, Sn , can be
found using the formula Sn = n2 (2a + (n − 1)d), where a, d, and n are the same variables used
in the general term formula.
Let a represent the first term in the sequence. Since the integers in the sequence are
consecutive and odd, the integers go up by two. Therefore, d = 2. Since there are 60 terms in
the sequence, n = 60. The sum of the sixty integers in the sequence is 4800, so S60 = 4800.
n
(2a + (n − 1)d)
Sn =
2
60
4800 =
(2a + (60 − 1)(2))
2
4800 = 30(2a + 59(2))
Dividing by 30, 160 = 2a + 118
42 = 2a
21 = a
Since we want the largest integer in the sequence, we are looking for the sixtieth term.
Using tn = a + (n − 1)d, with a = 21, d = 2, n = 60
t60 = 21 + 59(2)
t60 = 139
Therefore, the largest odd integer in the sum is 139.

Geometry (G)

TAKE ME
TO THE
COVER

Problem of the Week
Problem D
Angled II
In 4P QS below, R lies on P Q such that P R = RQ = RS and ∠QRS = z ◦ .
Determine the measure of ∠P SQ.

Problem of the Week
Problem D and Solution
Angled II
Problem
In 4P QS above, R lies on P Q such that P R = RQ = RS and ∠QRS = z ◦ .
Determine the measure of ∠P SQ.

Solution
Solution 1
In 4P RS, since P R = RS, 4P RS is isosceles and
∠RP S = ∠RSP = x◦ .
Similarly, in 4QRS, since RQ = RS, 4QRS is
isosceles and ∠RQS = ∠RSQ = y ◦ .
Since P RQ is a straight line, ∠P RS + ∠QRS = 180◦ . Since ∠QRS = z ◦ , we
have ∠P RS = 180 − z ◦ .
The angles in a triangle sum to 180◦ , so in 4P RS
∠RP S + ∠RSP + ∠P RS
x◦ + x◦ + 180 − z ◦
2x
x
The angles in a triangle sum to 180◦ , so in 4QRS

=
=
=
=

180◦
180◦
z
z
2

∠RQS + ∠RSQ + ∠QRS = 180◦
y ◦ + y ◦ + z ◦ = 180◦
2y = 180 − z
180 − z
y =
2
◦
Then ∠P SQ = ∠RSP + ∠RSQ = x◦ + y ◦ = z2 ◦ + 180−z
=
2


180 ◦
2

= 90◦ .

Therefore, the measure of ∠P SQ is 90◦ .
See Solution 2 for a more general approach to the solution of this problem.

It turns out that it is not necessary to determine expressions for x and y in terms
of z to solve this problem.
Solution 2
In 4P RS, since P R = RS, 4P RS is isosceles and
∠RP S = ∠RSP = x◦ .
Similarly, in 4QRS, since RQ = RS, 4QRS is
isosceles and ∠RQS = ∠RSQ = y ◦ .

The angles in a triangle sum to 180◦ , so in 4P QS
∠QP S + ∠P SQ + ∠P QS
x◦ + (x◦ + y ◦ ) + y ◦
(x◦ + y ◦ ) + (x◦ + y ◦ )
2(x◦ + y ◦ )
x◦ + y ◦
But ∠P SQ = ∠RSP + ∠RSQ = x◦ + y ◦ = 90◦ .
Therefore, the measure of ∠P SQ is 90◦ .

=
=
=
=
=

180◦
180◦
180◦
180◦
90◦

Problem of the Week
Problem D
Shady Square
Rectangle ST U V has square P QRS removed, leaving an area of 92 m2 .
Side P T is 4 m in length and side RV is 8 m in length.
What is the area of rectangle ST U V ?

Problem of the Week
Problem D and Solution
Shady Square
Problem
Rectangle ST U V has square P QRS removed, leaving an area of 92 m2 . Side P T is 4 m in
length and side RV is 8 m in length. What is the area of rectangle ST U V ?

Solution
Let x represent the side length of square P QRS. In the diagram, extend RQ to
intersect T U at W . This creates rectangle P T W Q and rectangle RW U V . Then
U V = P T + SP = (4 + x) m and T W = RS = x m.

Area P T W Q + Area RW U V
P T × T W + RV × U V
4x + 8(4 + x)
4x + 32 + 8x
12x + 32
12x
x

=
=
=
=
=
=
=

Remaining Area
92
92
92
92
60
5m

Since x = 5 m, SV = 8 + x = 13 m and U V = 4 + x = 9 m.
Therefore, the original area of rectangle ST U V is SV × U V = 13 × 9 = 117 m2 .

Problem of the Week
Problem D
Different Lengths
4ABC is isosceles with AB = AC. All three side lengths of 4ABC and also
altitude AD are positive integers.
If the area of 4ABC is 60 cm2 , determine all possible perimeters of 4ABC.

Note: You may use the fact that the altitude of an isosceles triangle drawn to
the unequal side bisects the unequal side.

Problem of the Week
Problem D and Solution
Different Lengths
Problem
4ABC is isosceles with AB = AC. All three side lengths of 4ABC and also altitude AD are
positive integers.
If the area of 4ABC is 60 cm2 , determine all possible perimeters of 4ABC.

Solution
Let the base of 4ABC have length b and the equal sides
have length c, as shown in the diagram to the right.
base × height
bh
The area of 4ABC is
= .
2
2
bh
2
Since this area is given to be 60 cm , we have
= 60 or
2
bh = 120.
We are given that b and h are positive integers. We will consider the positive factors of 120 to
generate all possibilities for b and h. Since the altitude AD bisects BC, 4ABC is composed of
two congruent right-angled triangles, each with side lengths c, h, and 2b . We will use the
Pythagorean Theorem in one of these right-angled triangles to generate a value of c for each
possibility.
h
1
2
3
4
5
6
8
10
12
15
20
24
30
40
60
120

b
120
60
40
30
24
20
15
12
10
8
6
5
4
3
2
1

b
2

60
30
20
15
12
10
7.5
6
5
4
3
2.5
2
1.5
1
0.5

c2 = h2 + ( 2b )2
3601
904
409
241
169
136
120.25
136
169
241
409
582.25
904
1602.25
3601
14 400.25

No,
No,
No,
No,
No,
No,
No,
No,
No,
No,
No,
No,
No,
No,

Valid?
c is not an integer
c is not an integer
c is not an integer
c is not an integer
Yes, c = 13
c is not an integer
c is not an integer
c is not an integer
Yes, c = 13
c is not an integer
c is not an integer
c is not an integer
c is not an integer
c is not an integer
c is not an integer
c is not an integer

We see that there are two solutions for (h, b, c). They are (5, 24, 13) and (12, 10, 13).
The side lengths of the corresponding triangles are 24, 13, and 13 and 10, 13, and 13.
Therefore, the perimeter of 4ABC is either 50 cm or 36 cm.

Problem of the Week
Problem D
To the Other Side
Points A and C are vertices of a cube with side length 2 cm, and B is the point
of intersection of the diagonals of one face of the cube, as shown below.
Determine the length of CB.

Problem of the Week
Problem D and Solution
To the Other Side
Problem
Points A and C are vertices of a cube with side length 2 cm, and B is the point of intersection
of the diagonals of one face of the cube, as shown below. Determine the length of CB.

Solution
Solution 1
Label vertices D, E and G, as shown.
Drop a perpendicular from B to AD. Let F be the
point where the perpendicular meets AD. Join B to
F and C to F .
The faces of a cube are squares. The diagonals of a
square meet at the centre of the square. Therefore,
BF = 1 and AF = 1.
Now, 4CAF is right-angled.
Using the Pythagorean Theorem in 4CAF ,
CF 2 = CA2 + AF√2 = 22 + 12 = 5.
Therefore, CF = 5, since CF > 0.
Looking at√ 4CF B, we know from above that
CF =
5 and BF = 1. We also know that
◦
∠CF B = 90 .
Because of the three-dimensional nature of the problem, it may not be obvious to
all that ∠CF B = 90◦ . To help visualize this, notice that CF and BF lie along
faces of the cube that meet at 90◦ .
Using the Pythagorean Theorem in 4CF B,
√ 2
√
CB 2 = CF 2 + BF 2 = 5 + 12 = 5 + 1 = 6. Since CB > 0, we have CB = 6.
√
Therefore, the length of CB is 6 cm.
There is a second solution on the next page.

Solution 2
Label vertices D and E, as shown.
The faces of a cube are squares. The diagonals
of a square right bisect each other. It follows
that AB = BE = 12 AE. Since the face is a
square, ∠ADE = 90◦ and 4ADE is right-angled.
Using the Pythagorean Theorem in 4ADE,
AE 2 = AD2 + √
DE 2 = 22 + 22 = 8. Since
√ AE > 0,
1
we have AE = 8. Then AB = 2 AE = 28 .
Because of the three-dimensional nature of the problem, it may not be obvious to
all that ∠CAB = 90◦ . To help visualize this, note that ∠CAD = 90◦ because
the face of the cube is a square. Rotate AD counterclockwise about point A on
the side face of the cube so that the image of AD lies along AB. The corner
angle will not change as a result of the rotation, so ∠CAD = ∠CAB = 90◦ .
We can now use the Pythagorean Theorem in 4CAB to find the length CB.
√ !2
8
8
CB 2 = CA2 + AB 2 = 22 +
=4+ =4+2=6
2
4
√

6 cm.
√
Therefore, the length of CB is 6 cm.
Since CB > 0, we have CB =

√
Note, we could have simplified AB =
= 28 to 2 as follows:
√
√
√
√
√
8
4×2
4× 2 2 2 √
=
=
=
= 2.
2
2
2
2
√
The calculation of CB would have been simpler using AB = 2. Often
simplifying radicals is not a part of the curriculum at the grade 9 or 10 level.
1
2 AE

√

Problem of the Week
Problem D
Sentimental with Shapes
This year for Valentine’s Day you wish to send handmade greetings created using
geometric shapes. You start by attaching two identical, white semi-circles to the
hypotenuse
√ of a white, isosceles right-angled triangle whose equal sides each
measure 32 cm. You then mount this new figure onto a rectangular piece of red
construction paper as shown below. (The dashed line, the right angle symbol and
the equal side measure markings will not be a part of the finished card.)
To complete your creation you write a personal message in red on the white
region of the card.
Determine the total amount of area available in the white region for your special
valentine sentiment.

Problem of the Week
Problem D and Solution
Sentimental with Shapes
Problem
This year for Valentine’s Day you wish to send handmade greetings created using geometric
shapes. You start by attaching two identical, white semi-circles√to the hypotenuse of a white,
isosceles right-angled triangle whose equal sides each measure 32 cm. You then mount this
new figure onto a rectangular piece of red construction paper as shown below. (The dashed
line, the right angle symbol and the equal side measure markings will not be a part of the
finished card.)
To complete your creation you write a personal message in red on the white region of the card.
Determine the total amount of area available in the white region for your special valentine
sentiment.
Solution
Let h represent the length of the hypotenuse. Let r represent the radius of the semi-circles.
Since the two identical semi-circles lie along the hypotenuse, h = 4r or r = h4 .

Since the
√ is 2a right-angled triangle, we can find h using the Pythagorean Theorem,
√ triangle
2
2
h = ( 32) + 32) = 32 + 32 = 64 and h = 8 cm follows.
Then r = h4 = 84 = 2 cm. Since there are two semi-circles of radius 2 cm, the total area of the
two semi-circles is the same as the area of a full circle of radius 2 cm. The area of the two
semi-circles is πr2 = π(2)2 = 4π cm2 .
The triangle is an isosceles right-angled triangle, so we can use the lengths of the two equal
sides as the base and
of the area of the triangle. The area of the
√ height
√ in the calculation
1
1
2
triangle is 2 bh = 2 ( 32)( 32) = 16 cm .
The total area for writing the message is (4π + 16) cm2 . This area is approximately 28.6 cm2 .
This should be enough space to express your loving sentiments. Happy Valentine’s Day.
For Further Thought: What dimensions of the red rectangular sheet of paper are required
to fit the white heart as shown?

Problem of the Week
Problem D
That Triangle
In the diagram below, ABCD is a rectangle. Point E is outside the rectangle so
that 4AED is an isosceles right-angled triangle with hypotenuse AD. Point F is
the midpoint of AD, and EF is perpendicular to AD.
If BC = 4 and AB = 3, determine the area of 4EBD.

Problem of the Week
Problem D and Solution
That Triangle
Problem
In the diagram, ABCD is a rectangle. Point E is outside the rectangle so that 4AED is an
isosceles right-angled triangle with hypotenuse AD. Point F is the midpoint of AD, and EF is
perpendicular to AD. If BC = 4 and AB = 3, determine the area of 4EBD.

Solution
Since ABCD is a rectangle then AD = BC = 4.
Since F is the midpoint of AD, then AF = F D = 2.
Since 4AED is an isosceles right-angled triangle,
then ∠EAD = 45◦ .
Now in 4EAF,
∠EAF = ∠EAD = 45◦ and ∠AF E = 90◦ .
Since the sum of the angles in a triangle is 180◦ , then
∠AEF = 180◦ − 90◦ − 45◦ = 45◦ . Therefore, 4EAF
has two equal angles and is therefore an isosceles rightangled triangle.
Therefore, EF = AF = 2.
From this point we are going to look at two different solutions.
Solution 1:
We calculate the area of 4EBD by adding the areas of 4BAD and 4AED and
subtracting the area of 4ABE.
Since AB = 3, DA = 4, and ∠DAB = 90◦ , then the area of 4BAD is
1
2 (3)(4) = 6.
Since AD = 4, EF = 2, and EF is perpendicular AD, then the area of 4AED
is 12 (4)(2) = 4.
At the right, when we look at 4ABE with the base
being AB, then its height is the length of AF .
Therefore, the area of 4ABE is 12 (3)(2) = 3.
Therefore, the area of 4EBD is 6 + 4 − 3 = 7.

Solution 2:
Extend BA to G and CD to H so that GH is perpendicular to each GB and HC and so that GH passes
through E.
Each of GAF E and EF DH has three right angles
(at G, A, and F , and F , D, and H, respectively), so
each of these is a rectangle.
Since AF = EF = F D = 2, then each of GAF E
and EF DH is a square with side length 2.
Now GBCH is a rectangle with GB = 2 + 3 = 5 and
BC = 4.
The area of 4EBD is equal to the area of rectangle GBCH minus the areas of
4EGB, 4BCD, and 4DHE.
Rectangle GBCH is 5 by 4, and so has area 5 × 4 = 20.
Since EG = 2 and GB = 5 and EG is perpendicular to GB,
then the area of 4EGB is 21 (EG)(GB) = 12 (2)(5) = 5.
Since BC = 4 and CD = 3 and BC perpendicular to CD,
then the area of 4BCD is 12 (BC)(CD) = 21 (4)(3) = 6.
Since DH = HE = 2 and DH is perpendicular to EH,
then the area of 4DHE is 21 (DH)(HE) = 12 (2)(2) = 2.
Therefore, the area of 4EBH is 20 − 5 − 6 − 2 = 7.

Problem of the Week
Problem D
Go Forth and Walk
At noon three students, Abby, Ben, and Cassie, are standing so that Abby is
100 m west of Ben and Cassie is 160 m east of Ben. While Ben stays in his initial
m
and Cassie
position, Abby begins walking south at a constant rate of 20 min
m
begins walking north at a constant rate of 41 min .
In how many minutes will the distance between Cassie and Ben be the twice the
distance between Abby and Ben?

Problem of the Week
Problem D and Solution
Go Forth and Walk
Problem
At noon three students, Abby, Ben, and Cassie, are standing so that Abby is 100 m west of
Ben and Cassie is 160 m east of Ben. While Ben stays in his initial position, Abby begins
m and Cassie begins walking north at a constant rate
walking south at a constant rate of 20 min
m
of 41 min . In how many minutes will the distance between Cassie and Ben be the twice the
distance between Abby and Ben?

Solution
Solution 1
Let t represent the number of minutes until Cassie’s distance to Ben is twice that of Abby’s
distance to Ben. In t minutes Abby will walk 20t m and Cassie will walk 41t m. The following
diagram contains the information showing Abby’s position, A, Ben’s position, B, and Cassie’s
position, C, at time t > 0.

Since both triangles in the diagram are right-angled triangles, we can use the Pythagorean
Theorem to set up an equation.
CB = 2AB
(CB)2 = (2AB)2
(CB)2 = 4 (AB)2


(41t)2 + (160)2 = 4 (20t)2 + (100)2


1681t2 + 25600 = 4 400t2 + 10000
1681t2 + 25600 = 1600t2 + 40000
81t2 = 14400
14400
t2 =
81
120
t =
, since t > 0
9
40
t =
min
3
Therefore, in 13 13 minutes (13 minutes 20 seconds), Cassie’s distance to Ben will be twice that
of Abby’s distance to Ben.
In Solution 2, an alternate solution that uses coordinate geometry is presented.

Solution 2
Represent Abby, Ben and Cassie’s respective positions at noon as points on the x-axis so that
Ben is positioned at the origin B(0, 0), Abby is positioned 100 units left of Ben at D(−100, 0)
and Cassie is positioned 160 units right of Ben at E(160, 0).
Let t represent the number of minutes until Cassie’s distance to Ben is twice that of Abby’s
distance to Ben.
In t minutes Abby will walk south 20t m to the point A(−100, −20t). In t minutes Cassie will
walk north 41t m to the point C(160, 41t).

The distance from a point P (x, y) to the origin can be found using the formula d =
p
√
2 =
Then AB
=
(−100)2 + (−20t)
10000 + 400t2 and
p
√
CB = (160)2 + (41t)2 = 25600 + 1681t2 .

2AB
√
2 10000 + 400t2
Squaring both sides,
4(10000 + 400t2 )
40000 + 1600t2
14400
14400
t2 =
81
120
t =
, since t > 0
9
40
t =
min
3
Therefore, in 13 13 minutes (13 minutes 20 seconds), Cassie’s distance to Ben will be twice that
of Abby’s distance to Ben.
√

CB
25600 + 1681t2
25600 + 1681t2
25600 + 1681t2
81t2

=
=
=
=
=

p
x2 + y 2 .

Problem of the Week
Problem D
Watery Ways
Two parks in Yourtown have very unique but similar designs, which are
illustrated in the following diagrams.

The smaller park can be completely enclosed by a square that is 300 m by 300 m.
The larger park can be completely enclosed by a square that is 500 m by 500 m.
On each drawing, there are horizontal and vertical lines, each spaced 100 m apart.
These lines create identical 100 m by 100 m squares, nine squares on the drawing
of the smaller park and twenty-five squares on the drawing of the larger park.
The drawing for each park also shows two concentric circles. The circumference
of the outer circle touches each of the four sides of the square enclosing the park.
The circumference of the inner circle passes through the four vertices of the
largest square created by the gridlines that are totally inside the park. (In the
smaller park, this largest square is the single square in the centre of the grid. In
the larger park, this largest square is formed by the nine squares in the centre of
the grid.)
The ring created between the outer circle and inner circle in each park is
completely filled with water to a uniform depth of 0.5 m.
Which of the two waterways contains more water?

Problem of the Week
Problem D and Solution
Watery Ways
Problem
Two parks in Yourtown have very unique but similar designs, which are illustrated in the
diagrams shown above. The smaller park can be completely enclosed by a square that is 300 m
by 300 m. The larger park can be completely enclosed by a square that is 500 m by 500 m. On
each drawing, there are horizontal and vertical lines, each spaced 100 m apart. These lines
create identical 100 m by 100 m squares, nine squares on the drawing of the smaller park and
twenty-five squares on the drawing of the larger park. The drawing for each park also shows
two concentric circles. The circumference of the outer circle touches each of the four sides of
the square enclosing the park. The circumference of the inner circle passes through the four
vertices of the largest square created by the gridlines that are totally inside the park. (In the
smaller park, this largest square is the single square in the centre of the grid. In the larger
park, this largest square is formed by the nine squares in the centre of the grid.)
The ring created between the outer circle and inner circle in each park is completely filled with
water to a uniform depth of 0.5 m. Which of the two waterways contains more water?
Solution
To find the volume of water in each waterway we need to find the top area of each waterway
and multiply that by the depth of the water. Since the depth of the water in each waterway is
the same and is constant, we need only compare the top areas to determine which one is larger.
For the waterway in the smaller park, let the diameter of the inner circle be d1 , the diameter of
the larger circle be D1 , the radius of the inner circle be r1 and the radius of the larger circle
be R1 .
For the waterway in the larger park, let the diameter of the inner circle be d2 , the diameter of
the larger circle be D2 , the radius of the inner circle be r2 and the radius of the larger circle
be R2 .
The calculations for the parks are shown.
Smaller Park
The diameter of the inner circle is the length
of the diagonal of the contained 100 m by 100
m square. Using the Pythagorean Theorem,
p
1002 + 1002
d1 =
√
20 000
=
p
=
(10 000)(2) ∗
√
= 100 2 m
1
d1
2√
= 50 2 m

r1 =

Larger Park
The diameter of the inner circle is the length
of the diagonal of the contained 300 m by 300
m square. Using the Pythagorean Theorem,
p
d2 =
3002 + 3002
√
180 000
=
p
=
(90 000)(2) ∗
√
= 300 2 m
1
d2
2 √
= 150 2 m

r2 =

Smaller Park

Larger Park

The diameter of the outer circle is the width
of the 300 m by 300 m square. It follows
that

The diameter of the outer circle is the width
of the 500 m by 500 m square. It follows
that

D1 = 300 m

D2 = 500 m

1
D1
2
= 150 m

R1 =

1
D2
2
= 250 m

R2 =

The top area of each waterway can be determined by subtracting the area of the inner circle
from the area of the outer circle in each case.
Let A1 be the top area of the smaller park’s waterway and A2 be the top area of the larger
park’s waterway.
Smaller Park
A1 = π(R1 )2 − π(r1 )2
√
= π(150)2 − π(50 2)2
= 22500π − 5000π
2

= 17500π m

Larger Park
A2 = π(R2 )2 − π(r2 )2

√
= π(250)2 − π(150 2)2

= 62500π − 45000π
= 17500π m2

This may be a surprising result. Both waterways have equal top areas. Since the depths of the
waterways are equal and uniform, the volume of water in each waterway will be the same.
Neither waterway contains more water than the other waterway.
For Further Thought:
A third medium sized park can be completely enclosed by a 400 m by 400 m square. If a
waterway were constructed in a similar manner to the waterways in the other two parks, how
would the volume of the water in this third waterway compare to the volume of water in the
other two waterways? Can you explain what is happening here?
* We reduced the radicals by factoring out the largest perfect square,
and then finding
p
√ √ the √
√
square root of that perfect square. Here is a simpler example: 20 = (4)(5) = 4 5 = 2 5.

Problem of the Week
Problem D
The Area Within
Quadrilateral ABCD is constructed as follows:
• vertex A is located at the origin;
• vertex C is at the intersection point of the lines `1 : 5x + 2y = 30 and
`2 : x + 2y = 22;
• vertex B is at the intersection point of the y-axis and `2 ; and
• vertex D is at the intersection point of the x-axis and `1 .
Determine the area of ABCD.

Problem of the Week
Problem D and Solution
The Area Within
Problem
Quadrilateral ABCD is constructed as follows:
• vertex A is located at the origin;
• vertex C is at the intersection point of the lines
`1 : 5x + 2y = 30 and `2 : x + 2y = 22;
• vertex B is at the intersection point of the y-axis and `2 ; and
• vertex D is at the intersection point of the x-axis and `1 .
Determine the area of ABCD.

Solution
Let the coordinates of C be (h, k) where h is the horizontal distance from the y-axis to C and
k is the vertical distance from the x-axis to C.
To find the coordinates of D, let y = 0 in 5x + 2y = 30. Therefore, the x-intercept is 6 and the
coordinates of D are (6, 0).
To find the coordinates of B, let x = 0 in x + 2y = 22. Therefore, the y-intercept is 11 and the
coordinates of B are (0, 11).
Two methods are provided to find C, the point of intersection of `1 and `2 .
1. Solving for C using the method of substitution:
Rewrite equation `2 as x = 22 − 2y.
Substitute for x in `1 so that 5(22 − 2y) + 2y = 30. Simplifying, 110 − 10y + 2y = 30.
This further simplifies to −8y = −80 and y = 10.
Substituting y = 10 in x + 2y = 22 gives x + 20 = 22 and x = 2.
The coordinates of C, the point of intersection of `1 and `2 , are (2, 10). Therefore, h = 2
and k = 10.
2. Solving for C using the method of elimination:
`1 : 5x + 2y =
`2 :
x + 2y =
Subtracting, we obtain,
4x =
Therefore,
x =

30
22
8
2

Substituting x = 2 in l1 , 10 + 2y = 30 and y = 10. The coordinates of C, the point of
intersection of `1 and `2 , are (2, 10). Therefore, h = 2 and k = 10.

Quadrilateral ABCD can be divided into two triangles, 4ABC and 4ACD. Therefore,
Area ABCD = Area 4ABC + Area 4ACD
1
1
=
(h × AB)
+
(k × AD)
2
2
1
1
=
(2)(11) +
(10)(6)
2
2
= 11 + 30
= 41
Therefore, the area of ABCD is 41 units2 .

Algebra (A)

TAKE ME
TO THE
COVER

Problem of the Week
Problem D
Near Perfect
In ten-pin bowling, the highest possible score in a single game is 300.
At one point in the bowling season, Fred F Stone had an average score of 177. In
his next game he obtained a score of 199, which caused his average to increase to
178. After one more game Fred would like his average to be 183.
Is it possible for Fred to accomplish this? If it is possible, what score does he
need in his next game? If it is not possible, explain why not.

Problem of the Week
Problem D and Solution
Near Perfect
Problem
In ten-pin bowling, the highest possible score in a single game is 300. At one point in the
bowling season, Fred F Stone had an average score of 177. In his next game he obtained a
score of 199, which caused his average to increase to 178. After one more game Fred would like
his average to be 183. Is it possible for Fred to accomplish this? If it is possible, what score
does he need in his next game? If it is not possible, explain why not.

Solution
Solution 1
Let n be the number of games bowled to achieve his 177 average. His total points
scored in n games is his average times n. Therefore, Fred has 177n total points in
n games.
To compute his average after bowling the 199 game, we take his new total points
and divide by n + 1, the new number of games.
Average =
178 =
178(n + 1) =
178n + 178 =
n =

Total Points
Games Played
177n + 199
n+1
177n + 199
177n + 199
21

Prior to bowling the 199 game, Fred had bowled 21 games. So after bowling the
199 game, Fred has bowled 22 games. Fred wants to have a 183 average after
bowling his 23rd game. The difference between his total points after 23 games
with a 183 average and his total points after bowling 22 games with a 178
average must be his score on the 23rd game.
Score on 23rd Game = 23 × 183 − 22 × 178 = 4209 − 3916 = 293
Therefore it is possible for Fred to raise his average from 178 to 183 in a single
game, but he must bowl 293 in his next game to do this. This is a near perfect
game.

Solution 2
Fred’s score of 199 is 199 − 177 = 22 points above his previous average. The
game where Fred scored 199 raised his average 1 point. Therefore, his game with
the 199 score must have been his 22nd game.
To raise his average 5 points in his 23rd game he must bowl 5 × 23 = 115 points
above his 178 average. Therefore, he must bowl 178 + 115 = 293 in his next
game.
Therefore, it is possible for Fred to raise his average from 178 to 183 in a single
game, but he must bowl 293 in his next game to do this. This is a near perfect
game.
We can verify our results:
Average on 21 games is 177.
21 × 177 + 199 3916
=
= 178
Average on 22 games =
22
22
22 × 178 + 293 4209
Average on 23 games =
=
= 183
23
23

Problem of the Week
Problem D
Follow the Path
Consider the following number tree.

In this number tree, the integers greater than or equal to 0 are written out in
increasing order, with the top row containing one integer and every row after
containing twice as many integers as the row above it. Each integer is connected
to two integers in the row below, one down and to the left and one down and to
the right, as shown in the tree. For example, the number 5 is connected to the
number 11 (down to the left) and the number 12 (down to the right) in the row
below. Notice that we can get from 0 to 12 by going down right (R), down left
(L), then down right (R).
Determine the integer you end at when you take the following path from 0:
R→R→R→R→R→L→L→R→L→R

Problem of the Week
Problem D and Solution
Follow the Path
Problem
Consider the number tree shown to the right. In this number tree,
the integers greater than or equal to 0 are written out in increasing
order, with the top row containing one integer and every row after
containing twice as many integers as the row above it. Each integer
is connected to two integers in the row below, one down and to
the left and one down and to the right, as shown in the tree. For
example, the number 5 is connected to the number 11 (down to
the left) and the number 12 (down to the right) in the row below.
Notice that we can get from 0 to 12 by going down right (R), down
left (L), then down right (R). Determine the integer you end at
when you take the following path from 0:
R→R→R→R→R→L→L→R→L→R

Solution
Solution 1
At first it may not be obvious how to proceed. We can see from the given diagram that
R → R → R takes us from 0 to 2 to 6 to 14. But from there where do we go? We could write
out more rows of the tree until we are able to make the required number of moves and then
read off the final answer. This approach would work for a relatively small number of moves but
would not be practical in general for “longer” strings of moves.
We will proceed by making an observation. When we perform a move to the left (L) from any
number, we end up at an odd number. When we perform a move to the right (R) from any
number, we end up at an even number. Is there a general formula which can be used when
asked to move left (L)? Is there a general formula which can be used when asked to move right
(R)?
The diagram to the right has two parts of the tree circled.
Can we discover a pattern that takes us from each initial
number to the odd and even numbers below? To get from 1 to
3 we could add 2 and to get from 1 to 4 we could add 3. But
doing the same with 6 would not get us to 13 and 14. As we
go down the tree, each new row has twice as many numbers as
the row above. Let’s try multiplying the initial number by 2
and then seeing what is necessary to get to the odd and even
number below. If we double 1 we get 2. Then we would need
to add 1 to get to the odd number 3 below and add 2 to get
to the even number 4 below. Does this work with the 6? If
we double 6 and add 1, we get 13. It appears to work. If we
double 6 and add 2, we get 14. It also appears to work.

So it would appear that if we make a move left (L) from any number a in the tree, the
resulting number is one more than twice the value of a. That is, a move left (L) from a takes
us to the number 2a + 1 in the tree.
It would appear that if we make a move right (R) from any number a in the tree, the resulting
number is two more than twice the value of a. That is, a move right (R) from a takes us to the
number 2a + 2 in the tree.
These results are true but unproven. This relationship has worked for all of the rows we have
sampled but we have not proven it true in general. You will have to wait for some higher
mathematics to be able to prove that this is true in general.
The following table shows the result of performing the given sequence of moves
R→R→R→R→R→L→L→R→L→R
Initial Number
0
2
6
14
30
62
125
251
504
1009

Move
R
R
R
R
R
L
L
R
L
R

Calculation
2(0) + 2
2(2) + 2
2(6) + 2
2(14) + 2
2(30) + 2
2(62) + 1
2(125) + 1
2(251) + 2
2(504) + 1
2(1009) + 2

Next Number
2
6
14
30
62
125
251
504
1009
2020

Starting at 0 and making the moves R → R → R → R → R → L → L → R → L → R, we end
at the number 2020.
Once we determined the operations required to make a move left (L) and a move right (R), the
problem was quite straightforward to solve. It would be possible to write a computer program
which would accept any length sequence of Ls and Rs, and get the computer to determine the
final position in this specific tree.
A solution that does not require the use of the unproven result is provided on the next page.

Solution 2
By following the given directions, we will end up in row 11 of the tree. So we first determine
which integers are in row 11.
To get from the top integer to the rightmost integer in row 2, add 2. To get from the rightmost
integer in row 2 to the rightmost integer in row 3, add 4. To get from the rightmost integer in
row 3 to the rightmost integer in row 4, add 8. These numbers which are added correspond to
the number of integers in that next row. We will find the rightmost integer in row 10 and the
rightmost integer in row 11.
The rightmost integer in row 10 is: 0 + 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 512 = 1022.
The rightmost integer in row 11 is: 0 + 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 512 + 1024 = 2046.
It follows that row 11 contains the 1024 integers from 1023 (1 more than the last integer in row
10) to 2046 (the rightmost integer in row 11), inclusive.
Now we look at the commands to narrow down where we will be in the 11th row.
The first R will take us to the right half of the number range 1023 to 2046, namely 1535 to
2046, 512 possible numbers.
The second R will take us to the right half of the number range 1535 to 2046, namely 1791 to
2046, 256 possible numbers.
The third R will take us to the right half of the number range 1791 to 2046, namely 1919 to
2046, 128 possible numbers.
The fourth R will take us to the right half of the number range 1919 to 2046, namely 1983 to
2046, 64 possible numbers.
The fifth R will take us to the right half of the number range 1983 to 2046, namely 2015 to
2046, 32 possible numbers.
The first L will take us to the left half of the number range 2015 to 2046, namely 2015 to 2030,
16 possible numbers.
The second L will take us to the left half of the number range 2015 to 2030, namely 2015 to
2022, 8 possible numbers.
The sixth R will take us to the right half of the number range 2015 to 2022, namely 2019 to
2022, 4 possible numbers.
The third L will take us to the left half of the number range 2019 to 2022, namely 2019 to
2020, 2 possible numbers.
The final R will take us to the right half of the number range 2019 to 2020, namely 2020, our
final destination.
Therefore we end up at 2020, a number in the 11th row of the tree.

Problem of the Week
Problem D
The Perfect Mix
The proprietor of a lemon drink stand is trying to create the perfect summer
lemon drink by combining two drinks that have already been prepared. The first
lemon drink consists of a mixture of water and pure lemon juice in the ratio 2 : 1,
by volume. The second lemon drink, with twice the volume of the first lemon
drink, is filled with a mixture of water and pure lemon juice in the ratio 3 : 1, by
volume. The contents of the two drinks are combined together into a third drink.
This combination produces the perfect mix.
Determine the ratio of water to pure lemon juice, by volume, in the perfect mix.

Problem of the Week
Problem D and Solution
The Perfect Mix
Problem
The proprietor of a lemon drink stand is trying to create the perfect summer lemon drink by
combining two drinks that have already been prepared. The first lemon drink consists of a
mixture of water and pure lemon juice in the ratio 2 : 1, by volume. The second lemon drink,
with twice the volume of the first lemon drink, is filled with a mixture of water and pure lemon
juice in the ratio 3 : 1, by volume. The contents of the two drinks are combined together into a
third drink. This combination produces the perfect mix. Determine the ratio of water to pure
lemon juice, by volume, in the perfect mix.

Solution
Solution 1
Let V represent the volume of the first drink. Then 2V represents the volume of the second
drink.
Since the ratio of water to pure lemon juice, by volume, in the first drink is 2 : 1 then 32 of the
volume of the first drink is water. That is, the volume of water in the first drink is 23 V and the
volume of pure lemon juice in the first drink is 31 V .
Since the ratio of water to pure lemon juice, by volume, in the second drink is 3 : 1 then 34 of
the volume of the second drink is water. That is, the volume of water in the second drink is
3
(2V ) = 32 V and the volume of pure lemon juice in the second drink is 14 (2V ) = 12 V .
4
When the contents of the two drinks are combined to produce the third drink, the volume of
V and the volume of pure lemon juice is
water is 23 V + 32 V = 64 V + 96 V = 13
6
1
1
2
3
5
V
+
V
=
V
+
V
=
V
.
3
2
6
6
6
The ratio of water to pure lemon juice, by volume, in the perfect mix is

13
V
6

: 65 V = 13 : 5.

Solution 2
Let 16 of the contents of the first drink be a unit of volume. Since the ratio of water to pure
lemon juice, by volume, in the first drink is 2 : 1, then 4 units of volume are water and 2 units
of volume are pure lemon juice, a total of 6 units of volume in the first drink.
Since the second drink has twice the volume of the first drink, the second drink has 12 units of
volume. The ratio of water to pure lemon juice, by volume, in the second drink is 3 : 1 so 9
units of volume are water and 3 units of volume are pure lemon juice.
When the two drinks are combined there is a total of 6 + 12 = 18 units of volume, 4 + 9 = 13 of
which are water and 2 + 3 = 5 of which are pure lemon juice.
Therefore, the ratio of water to pure lemon juice, by volume, in the perfect mix is 13 : 5.

Problem of the Week
Problem D
Shady Square
Rectangle ST U V has square P QRS removed, leaving an area of 92 m2 .
Side P T is 4 m in length and side RV is 8 m in length.
What is the area of rectangle ST U V ?

Problem of the Week
Problem D and Solution
Shady Square
Problem
Rectangle ST U V has square P QRS removed, leaving an area of 92 m2 . Side P T is 4 m in
length and side RV is 8 m in length. What is the area of rectangle ST U V ?

Solution
Let x represent the side length of square P QRS. In the diagram, extend RQ to
intersect T U at W . This creates rectangle P T W Q and rectangle RW U V . Then
U V = P T + SP = (4 + x) m and T W = RS = x m.

Area P T W Q + Area RW U V
P T × T W + RV × U V
4x + 8(4 + x)
4x + 32 + 8x
12x + 32
12x
x

=
=
=
=
=
=
=

Remaining Area
92
92
92
92
60
5m

Since x = 5 m, SV = 8 + x = 13 m and U V = 4 + x = 9 m.
Therefore, the original area of rectangle ST U V is SV × U V = 13 × 9 = 117 m2 .

Problem of the Week
Problem D
More Power, Mr. Scott!
Mr. Scott likes to pose interesting problems to his Mathematics classes. Today,
he started with the expression 62020 + 72020 . He stated that the expression was
not equivalent to 132020 and that he was not interested in the actual sum. His
question to his class and to you is, “What are the final two digits of the sum?”

Problem of the Week
Problem D and Solution
More Power, Mr. Scott!
Problem
Mr. Scott likes to pose interesting problems to his Mathematics classes. Today, he started with
the expression 62020 + 72020 . He stated that the expression was not equivalent to 132020 and that
he was not interested in the actual sum. His question to his class and to you is, “What are the
final two digits of the sum?”
Solution
Solution 1
Let’s start by examining the last two digits of various powers of 7.
71 =
07
5
7 = 16 807

72 =
49
6
7 = 117 649

73 =
343
7
7 = 823 543

74 =
2401
8
7 = 5 764 801

Notice that the last two digits repeat every four powers of 7. If the pattern continues, then 79
ends with 07, 710 ends with 49, 711 ends with 43, 712 ends with 01, and so on. We can simply
compute these powers of 7 to verify this for these examples, but let’s justify why this pattern
continues in general. If a power ends in “07”, then the last 2 digits of the next power are the
same as the last 2 digits of the product 07 × 7 = 49. That is, the last 2 digits of the next power
are “49”. If a power ends in “49”, then the last 2 digits of the next power are the same as the
last two digits of the product 49 × 7 = 343. That is, the last two digits of the next power are
“43”. If a power ends in “43”, then the last 2 digits of the next power are the same as the last
two digits of the product 43 × 7 = 301. That is, the last two digits of the next power are “01”.
Finally, if a power ends in “01”, then the last 2 digits of the next power are the same as the last
two digits of the product 01 × 7 = 07. That is, the last two digits of the next power are “07”.
Therefore, starting with the first power of 7, every four consecutive powers of 7 will have the
last two digits 07, 49, 43, and 01.
We need to determine the number of complete cycles by dividing 2020 by 4. Since
2020 ÷ 4 = 505, there are 505 complete cycles. This means that 72020 is the last power of 7 in
the 505th cycle and therefore ends with 01.
Next we will examine the last two digits of various powers of 6.
61 = 06

62 =
36
7
6 = 279 936

63 =
216
8
6 = 1 679 616

64 =
1296
9
6 = 10 077 696

65 =
7776
10
6 = 60 466 176

66 =
46 656
11
6 = 362 797 056

Notice that the last two digits repeat every five powers of 6 starting with the 2nd power of 6.
This pattern can be justified using an argument similar to the one above for powers of 7. So
612 ends with 36, 613 ends with 16, 614 ends with 96, 615 ends with 76, 616 ends with 56, and so
on. Starting with the second power of 6, every five consecutive powers of 6 will have the last
two digits 36, 16, 96, 76, and 56.
We need to determine the number of complete cycles in 2020 by first subtracting 1 to allow for
06 at the beginning of the list and then dividing 2020 − 1 or 2019 by 5. Since 2019 ÷ 5 = 403
remainder 4, there are 403 complete cycles and 45 of another cycle. Since 403 × 5 = 2015,
62015+1 = 62016 is the last power of 6 in the 403rd cycle and therefore ends with 56.

To go 45 of the way into the next cycle tells us that the number 62020 ends with the fourth
number in the pattern, namely 76. In fact, we know that 62017 ends with 36, 62018 ends with 16,
62019 ends with 96, 62020 ends with 76, and 62021 ends with 56 because they would be the
numbers in the 404th complete cycle.
Therefore, 62020 ends with the digits 76.
The final two digits of the sum 62020 + 72020 are found by adding the final two digits of 62020
and 72020 . Therefore, the final two digits of the sum are 01 + 76 = 77.
Solution 2
From the first solution, we saw that the last two digits of powers of 7 repeat every 4
consecutive powers. We also saw that the last two digits of powers of 6 repeat every 5
consecutive powers after the first power of 6.
Let’s start at the second powers of both 7 and 6. We know that the last two digits of 72 are 49
and the last two digits of 62 are 36. When will this combination of last two digits occur again?
The cycle length for powers of 7 is 4 and the cycle length for powers of 6 is 5.
The least common multiple of 4 and 5 is 20. It follows that 20 powers after the second power,
the last two digits of the powers of 7 and 6 will end with the same two digits as the second
powers of each. That is, the last two digits of 722 and 72 are the same, namely 49. And, the last
two digits of 622 and 62 are the same, namely 36. The following table illustrates this repetition.
Powers

72

73

74

75

76

77

78

79

710

711

712

713

714

715

716

717

718

719

720

721

722

Last 2 digits

49

43

01

07

49

43

01

07

49

43

01

07

49

43

01

07

49

43

01

07

49

Powers

62

63

64

65

66

67

68

69

610

611

612

613

614

615

616

617

618

619

620

621

622

Last 2 digits

36

16

96

76

56

36

16

96

76

56

36

16

96

76

56

36

16

96

76

56

36

Since 2000 is a multiple of 20, we then know that the 2022nd power of 7 will end with 49 and
that the 2022nd power of 6 will end in 36.
Working backwards through the cycle of the last two digits of powers of 7, it follows that the
2021st power of 7 ends in 07 and that the 2020th power of 7 ends in 01.
Working backwards through the cycle of the last two digits of powers of 6, it follows that the
2021st power of 6 ends in 56 and that the 2020th power of 6 ends in 76.
The final two digits of the sum 62020 + 72020 are found by adding the final two digits of 62020
and 72020 . Therefore, the final two digits of the sum are 01 + 76 = 77.

Problem of the Week
Problem D
One, Two, Tree!
Every year on November 1, the Stablo family plants a tree. This tradition has
happened for generations and the first tree the family planted is now 183 years
old. Two of the trees were planted in their backyard; one is an apple tree and the
other is a maple tree. The maple tree is older than 100, but was not the first tree
planted. On November 1 of this year, the age of the maple tree is fifteen times
the age of the apple tree.
On November 1 of some year from now, the age of the maple tree will be eleven
times the age of the apple tree. How old are the trees that year?

Problem of the Week
Problem D and Solution
One, Two, Tree!
Problem
Every year on November 1, the Stablo family plants a tree. This tradition has happened for
generations and the first tree the family planted is now 183 years old. Two of the trees were
planted in their backyard; one is an apple tree and the other is a maple tree. The maple tree is
older than 100, but was not the first tree planted. On November 1 of this year, the age of the
maple tree is fifteen times the age of the apple tree.
On November 1 of some year from now, the age of the maple tree will be eleven times the age
of the apple tree. How old are the trees that year?

Solution
Solution 1:
Since the age of the maple tree is fifteen times the age of the apple tree, the maple tree’s age must be
a multiple of 15 that is greater than 100 and less than 183. The maple tree’s possible ages and
corresponding possible ages for the apple tree are shown in the table below.
Maple Tree’s Age
Apple Tree’s Age

105
7

120
8

135
9

150
10

165
11

180
12

At some time in the future, the age of the maple tree will be eleven times the age of the apple tree.
Let’s let n be the number of years from now until this is true, where n is an integer.
We will look at the possible cases.
1. Could the apple tree be 7 years old and the maple tree 105 years old now?
Then in n years, the apple tree would be 7 + n years old and the maple tree would be 105 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(7 + n) = 105 + n. Solving for n, we get 77 + 11n = 105 + n or 10n = 28 or n = 2.8.
Since n is not an integer, it is not possible for the apple tree to be 7 and the maple tree to be
105.
2. Could the apple tree be 8 years old and the maple tree 120 years old now?
Then in n years, the apple tree would be 8 + n years old and the maple tree would be 120 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(8 + n) = 120 + n. Solving for n, we get 88 + 11n = 120 + n or 10n = 32 or n = 3.2.
Since n is not an integer, it is not possible for the apple tree to be 8 and the maple tree to be
120.
3. Could the apple tree be 9 years old and the maple tree 135 years old now?
Then in n years, the apple tree would be 9 + n years old and the maple tree would be 135 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(9 + n) = 135 + n. Solving for n, we get 99 + 11n = 135 + n or 10n = 36 or n = 3.6.
Since n is not an integer, it is not possible for the apple tree to be 9 and the maple tree to be
135.

4. Could the apple tree be 10 years old and the maple tree 150 years old now?
Then in n years, the apple tree would be 10 + n years old and the maple tree would be 150 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(10 + n) = 150 + n. Solving for n, we get 110 + 11n = 150 + n or 10n = 40 or n = 4.
This is 4 years from now. The apple tree would then be 14 and the maple tree would be 154.
Since 14 × 11 = 154, at this point, the maple tree’s age is eleven times the apple tree’s age. So
this is a solution, however we need to check the two remaining possibilities for completeness.
5. Could the apple tree be 11 years old and the maple tree 165 years old now?
Then in n years, the apple tree would be 11 + n years old and the maple tree would be 165 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(11 + n) = 165 + n. Solving for n, we get 121 + 11n = 165 + n or 10n = 44 or
n = 4.4. Since n is not an integer, it is not possible for the apple tree to be 11 and the maple
tree to be 165.
6. Could the apple tree be 12 years old and the maple tree be 180 years old now?
Then in n years, the apple tree would be 12 + n years old and the maple tree would be 180 + n
years old. If in n years the age of the maple tree is eleven times the age of the apple tree, then
we have 11(12 + n) = 180 + n. Solving for n, we get 132 + 11n = 180 + n or 10n = 48 or
n = 4.8. Since n is not an integer, it is not possible for the apple tree to be 12 and the maple
tree to be 180.
We have considered all of the possible cases. The age of the maple tree will be eleven times the age of
the apple tree in 4 years when the apple tree is 14 and the maple tree is 154. Although it was not
asked, today the apple tree is 10 and the maple tree is 150.

Solution 2:
Let a represent the age of the apple tree today and m represent the age of the maple tree today. Since
the age of the maple tree is fifteen times the age of the apple tree, it follows that m = 15a.
Let n be the number of years until the age of the maple tree is eleven times the age of the apple tree,
where n is a positive integer. In n years, the apple tree’s age will be a + n and the maple tree’s age
will be m + n. Then
m + n = 11(a + n)
But m = 15a so

15a + n = 11(a + n)
15a + n = 11a + 11n
4a = 10n
2a = 5n
2a
= n
5

Since both a and n are positive integers, it follows that a is divisible by 5. But in the first solution, the
possible ages for the apple tree were 7, 8, 9, 10, 11 and 12. The only multiple of 5 in this list is 10.
Therefore a = 10 and then n = 4. Since m = 15a, it follows that m = 15 × 10 = 150. Thus, today the
apple tree is 10 and the maple tree is 150. In 4 years, the apple tree will be 14, the maple tree will be
154, and the maple tree’s age will be eleven times the apple tree’s age.

Problem of the Week
Problem D
Doing Some Beading
Amir is putting beads on a string. He plans on starting with 8 round beads, then
24 square beads, then 48 round beads, and then p square beads (where p > 0).
At some point after he has put on n beads (where n > 0), he realizes that on his
string there are twice as many beads of one shape than there are of the other
shape. Determine the maximum and minimum values of p that result in exactly 5
possible values of n.

Problem of the Week
Problem D and Solution
Doing Some Beading
Problem
Amir is putting beads on a string. He plans on starting with 8 round beads, then 24 square
beads, then 48 round beads, and then p square beads (where p > 0). At some point after he
has put on n beads (where n > 0), he realizes that on his string there are twice as many beads
of one shape than there are of the other shape. Determine the maximum and minimum values
of p that result in exactly 5 possible values of n.

Solution
We can start by drawing a sketch to visualize the problem.

8

24

48

p

Notice that we must have n > 8 because the first 8 beads are round, and we need at least one
bead of each shape.
After 8 round beads and 4 square beads, there are twice as many round beads as square beads.
So the first value of n is 8 + 4 = 12.
After 8 round beads and 16 square beads, there are twice as many square beads as round
beads. So the second value of n is 8 + 16 = 24.
The next beads are all square, so there are no additional values of n until we get to the next
section of round beads.
After 12 round beads and 24 square beads, there are twice as many square beads as round
beads. So the third value of n is 12 + 24 = 36.
After 48 round beads and 24 square beads, there are twice as many round beads as square
beads. So the fourth value of n is 48 + 24 = 72.
The next beads are all round, so there are no additional values of n until we get to the next
section of square beads.
After 56 round beads and 28 square beads, there are twice as many round beads as square
beads. So the fifth value of n is 56 + 28 = 84. If there are 28 square beads, then 24 + p = 28, so
p = 4. That means the minimum value of p is 4.
To figure out the maximum value of p, we need to find the sixth value of n. After 56 round
beads and 112 square beads, there are twice as many square beads as round beads. If there are
112 square beads, then 24 + p = 112, so p = 88. We want p to be less than 88 though, because
we want only 5 possible values of n. That means the maximum value of p is 87.
Thus, the minimum value of p is 4 and the maximum value of p is 87.

Problem of the Week
Problem D
Sibling Rivalry
Akira and Hideo are twins with different jobs. Akira earns five-eighths of what
Hideo earns, but Akira’s expenses are half of Hideo’s. Akira ends up saving 40%
of his income.
What percentage of his income does Hideo save?

Problem of the Week
Problem D and Solution
Sibling Rivalry
Problem
Akira and Hideo are twins with different jobs. Akira earns five-eighths of what Hideo earns,
but Akira’s expenses are half of Hideo’s. Akira ends up saving 40% of his income. What
percentage of his income does Hideo save?

Solution
Solution 1: Using only one variable
Let h represent Hideo’s income. Then Akira’s income is 58 h.
Since Akira saves 40% of his income, his expenses are 100% − 40% = 60% of his income.
60
Therefore, Akira’s expenses are 60% × 58 h = 100
× 58 h = 38 h.
Akira’s expenses are one-half of Hideo’s expenses so Hideo’s expenses are twice Akira’s
expenses. Therefore, Hideo’s expenses are 2 × 83 h = 43 h = 0.75h = 75% of h. Since Hideo’s
expenses are 75% of his income, he saves 100% − 75% = 25% of his income.
Therefore, Hideo saves 25% of his income.
Solution 2: Using two variables
Let x represent Hideo’s income and y represent Hideo’s expenses.
Then Akira’s income is 58 x and his expenses are 12 y.
Since Akira saves 40% of his income, his expenses are 60% of his income.
5
1
y = 0.60 × x
2
8
1
6
5
y =
× x
2
10 8
1
3
y =
x
2
8
3
x
y =
4
Hideo saves whatever is left of his income after expenses. Therefore Hideo saves
3
1
x − y = x − x = x = 0.25x = 25% of x.
4
4
Therefore, Hideo saves 25% of his income.

Solution 3: Using two variables a bit differently
Let 8x represent Hideo’s income and 2y represent Hideo’s expenses.
Then Akira’s income is 58 (8x) = 5x and his expenses are 12 (2y) = y.
Since Akira saves 40% of his income, his expenses are 60% of his income.
y = 0.60 × 5x
6
× 5x
y =
10
y = 3x
Hideo earns 8x and his expenses are 2y so his savings are 8x − 2y. We want the ratio of his
8x − 2y
8x − 2(3x)
2x
1
savings to his income,
=
=
= or 25% .
8x
8x
8x
4
Therefore, Hideo saves 25% of his income.

Problem of the Week
Problem D
Stacks and Stacks
Virat has a large collection of $2 bills and $5 bills. He makes stacks that have a
value of $100. Each stack has a least one $2 bill, at least one $5 bill, and no other
types of bills. If each stack has a different number of $2 bills than any other
stack, what is the maximum number of stacks that Virat can create?

Problem of the Week
Problem D and Solution
Stacks and Stacks
Problem
Virat has a large collection of $2 bills and $5 bills. He makes stacks that have a value of $100.
Each stack has a least one $2 bill, at least one $5 bill, and no other types of bills. If each stack
has a different number of $2 bills than any other stack, what is the maximum number of stacks
that Virat can create?

Solution
Consider a stack of bills with a total value of $100 that includes x $2 bills and y
$5 bills. The $2 bills are worth $2x and the $5 bills are worth $5y, and so
2x + 5y = 100.
Determining the number of possible stacks that the teller could have is equivalent
to determining the numbers of pairs (x, y) of integers with x ≥ 1 and y ≥ 1 and
2x + 5y = 100 or 5y = 100 − 2x. (We must have x ≥ 1 and y ≥ 1 because each
stack includes at least one $2 bill and at least one $5 bill.)
Since x ≥ 1, then:
2x ≥ 2
2x + 98 ≥ 100
98 ≥ 100 − 2x
This can be rewritten as 100 − 2x ≤ 98.
Also, since 5y = 100 − 2x, this becomes 5y ≤ 98.
This means that y ≤ 98
5 = 19.6. Since y is an integer, then y ≤ 19.
Notice that since 5y = 100 − 2x, then the right side is the difference between two
even integers and is therefore even. This means that 5y (the left side) is itself
even, which means that y must be even.
Since y is even, y ≥ 1, and y ≤ 19, then the possible values of y are 2, 4, 6, 8, 10,
12, 14, 16, 18.
Each of these values gives a pair (x, y) that satisfies the equation 2x + 5y = 100.
These ordered pairs are:
(x, y) = (45, 2), (40, 4), (35, 6), (30, 8), (25, 10), (20, 12), (15, 14), (10, 16), (5, 18)
Therefore, we see that the maximum number of stacks that Virat could have is 9.

Problem of the Week
Problem D
Go Forth and Walk
At noon three students, Abby, Ben, and Cassie, are standing so that Abby is
100 m west of Ben and Cassie is 160 m east of Ben. While Ben stays in his initial
m
and Cassie
position, Abby begins walking south at a constant rate of 20 min
m
begins walking north at a constant rate of 41 min .
In how many minutes will the distance between Cassie and Ben be the twice the
distance between Abby and Ben?

Problem of the Week
Problem D and Solution
Go Forth and Walk
Problem
At noon three students, Abby, Ben, and Cassie, are standing so that Abby is 100 m west of
Ben and Cassie is 160 m east of Ben. While Ben stays in his initial position, Abby begins
m and Cassie begins walking north at a constant rate
walking south at a constant rate of 20 min
m
of 41 min . In how many minutes will the distance between Cassie and Ben be the twice the
distance between Abby and Ben?

Solution
Solution 1
Let t represent the number of minutes until Cassie’s distance to Ben is twice that of Abby’s
distance to Ben. In t minutes Abby will walk 20t m and Cassie will walk 41t m. The following
diagram contains the information showing Abby’s position, A, Ben’s position, B, and Cassie’s
position, C, at time t > 0.

Since both triangles in the diagram are right-angled triangles, we can use the Pythagorean
Theorem to set up an equation.
CB = 2AB
(CB)2 = (2AB)2
(CB)2 = 4 (AB)2


(41t)2 + (160)2 = 4 (20t)2 + (100)2


1681t2 + 25600 = 4 400t2 + 10000
1681t2 + 25600 = 1600t2 + 40000
81t2 = 14400
14400
t2 =
81
120
t =
, since t > 0
9
40
t =
min
3
Therefore, in 13 13 minutes (13 minutes 20 seconds), Cassie’s distance to Ben will be twice that
of Abby’s distance to Ben.
In Solution 2, an alternate solution that uses coordinate geometry is presented.

Solution 2
Represent Abby, Ben and Cassie’s respective positions at noon as points on the x-axis so that
Ben is positioned at the origin B(0, 0), Abby is positioned 100 units left of Ben at D(−100, 0)
and Cassie is positioned 160 units right of Ben at E(160, 0).
Let t represent the number of minutes until Cassie’s distance to Ben is twice that of Abby’s
distance to Ben.
In t minutes Abby will walk south 20t m to the point A(−100, −20t). In t minutes Cassie will
walk north 41t m to the point C(160, 41t).

The distance from a point P (x, y) to the origin can be found using the formula d =
p
√
2 =
Then AB
=
(−100)2 + (−20t)
10000 + 400t2 and
p
√
CB = (160)2 + (41t)2 = 25600 + 1681t2 .

2AB
√
2 10000 + 400t2
Squaring both sides,
4(10000 + 400t2 )
40000 + 1600t2
14400
14400
t2 =
81
120
t =
, since t > 0
9
40
t =
min
3
Therefore, in 13 13 minutes (13 minutes 20 seconds), Cassie’s distance to Ben will be twice that
of Abby’s distance to Ben.
√

CB
25600 + 1681t2
25600 + 1681t2
25600 + 1681t2
81t2

=
=
=
=
=

p
x2 + y 2 .

Problem of the Week
Problem D
Watery Ways
Two parks in Yourtown have very unique but similar designs, which are
illustrated in the following diagrams.

The smaller park can be completely enclosed by a square that is 300 m by 300 m.
The larger park can be completely enclosed by a square that is 500 m by 500 m.
On each drawing, there are horizontal and vertical lines, each spaced 100 m apart.
These lines create identical 100 m by 100 m squares, nine squares on the drawing
of the smaller park and twenty-five squares on the drawing of the larger park.
The drawing for each park also shows two concentric circles. The circumference
of the outer circle touches each of the four sides of the square enclosing the park.
The circumference of the inner circle passes through the four vertices of the
largest square created by the gridlines that are totally inside the park. (In the
smaller park, this largest square is the single square in the centre of the grid. In
the larger park, this largest square is formed by the nine squares in the centre of
the grid.)
The ring created between the outer circle and inner circle in each park is
completely filled with water to a uniform depth of 0.5 m.
Which of the two waterways contains more water?

Problem of the Week
Problem D and Solution
Watery Ways
Problem
Two parks in Yourtown have very unique but similar designs, which are illustrated in the
diagrams shown above. The smaller park can be completely enclosed by a square that is 300 m
by 300 m. The larger park can be completely enclosed by a square that is 500 m by 500 m. On
each drawing, there are horizontal and vertical lines, each spaced 100 m apart. These lines
create identical 100 m by 100 m squares, nine squares on the drawing of the smaller park and
twenty-five squares on the drawing of the larger park. The drawing for each park also shows
two concentric circles. The circumference of the outer circle touches each of the four sides of
the square enclosing the park. The circumference of the inner circle passes through the four
vertices of the largest square created by the gridlines that are totally inside the park. (In the
smaller park, this largest square is the single square in the centre of the grid. In the larger
park, this largest square is formed by the nine squares in the centre of the grid.)
The ring created between the outer circle and inner circle in each park is completely filled with
water to a uniform depth of 0.5 m. Which of the two waterways contains more water?
Solution
To find the volume of water in each waterway we need to find the top area of each waterway
and multiply that by the depth of the water. Since the depth of the water in each waterway is
the same and is constant, we need only compare the top areas to determine which one is larger.
For the waterway in the smaller park, let the diameter of the inner circle be d1 , the diameter of
the larger circle be D1 , the radius of the inner circle be r1 and the radius of the larger circle
be R1 .
For the waterway in the larger park, let the diameter of the inner circle be d2 , the diameter of
the larger circle be D2 , the radius of the inner circle be r2 and the radius of the larger circle
be R2 .
The calculations for the parks are shown.
Smaller Park
The diameter of the inner circle is the length
of the diagonal of the contained 100 m by 100
m square. Using the Pythagorean Theorem,
p
1002 + 1002
d1 =
√
20 000
=
p
=
(10 000)(2) ∗
√
= 100 2 m
1
d1
2√
= 50 2 m

r1 =

Larger Park
The diameter of the inner circle is the length
of the diagonal of the contained 300 m by 300
m square. Using the Pythagorean Theorem,
p
d2 =
3002 + 3002
√
180 000
=
p
=
(90 000)(2) ∗
√
= 300 2 m
1
d2
2 √
= 150 2 m

r2 =

Smaller Park

Larger Park

The diameter of the outer circle is the width
of the 300 m by 300 m square. It follows
that

The diameter of the outer circle is the width
of the 500 m by 500 m square. It follows
that

D1 = 300 m

D2 = 500 m

1
D1
2
= 150 m

R1 =

1
D2
2
= 250 m

R2 =

The top area of each waterway can be determined by subtracting the area of the inner circle
from the area of the outer circle in each case.
Let A1 be the top area of the smaller park’s waterway and A2 be the top area of the larger
park’s waterway.
Smaller Park
A1 = π(R1 )2 − π(r1 )2
√
= π(150)2 − π(50 2)2
= 22500π − 5000π
2

= 17500π m

Larger Park
A2 = π(R2 )2 − π(r2 )2

√
= π(250)2 − π(150 2)2

= 62500π − 45000π
= 17500π m2

This may be a surprising result. Both waterways have equal top areas. Since the depths of the
waterways are equal and uniform, the volume of water in each waterway will be the same.
Neither waterway contains more water than the other waterway.
For Further Thought:
A third medium sized park can be completely enclosed by a 400 m by 400 m square. If a
waterway were constructed in a similar manner to the waterways in the other two parks, how
would the volume of the water in this third waterway compare to the volume of water in the
other two waterways? Can you explain what is happening here?
* We reduced the radicals by factoring out the largest perfect square,
and then finding
p
√ √ the √
√
square root of that perfect square. Here is a simpler example: 20 = (4)(5) = 4 5 = 2 5.

Problem of the Week
Problem D
Add On!
When sixty consecutive odd integers are added together, their sum is 4800.
Determine the largest of the sixty integers.

4800
Note:
In solving the above problem, it may be helpful to use the fact that the sum of
n(n + 1)
the first n positive integers is equal to
. That is,
2
n(n + 1)
1 + 2 + 3 + ... + n =
2
5(6)
= 15.
2
8(9)
= 36.
Also, 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 = 36, and
2
For example, 1 + 2 + 3 + 4 + 5 = 15, and

Problem of the Week
Problem D and Solution
Add On!
Problem
When sixty consecutive odd integers are added together, their sum is 4800. Determine the
largest of the sixty integers.

Solution
Solution 1
In this solution we will solve using patterns.
Let a represent the smallest number. Since the numbers are odd, they increase by 2. So the
second number is (a + 2), the third is (a + 4), the fourth is (a + 6), and so on. What does the
sixtieth number look like?
A closer look at the numbers reveals that the second number is (a + 1(2)), the third is
(a + 2(2)), the fourth is (a + 3(2)), and so on. Following the pattern, the sixtieth number is
(a + 59(2)) = a + 118. Then
a + (a + 2) + (a + 4) + (a + 6) + · · · + (a + 118)
60a + 2 + 4 + 6 + · · · + 118
60a + 2(1 + 2 + 3 + · · · + 59)


59 × 60
60a + 2
2
60a + 3540
60a
a
a + 118
Therefore, the largest odd integer in the sum is 139.

= 4800
= 4800
= 4800
= 4800, using the helpful formula.
=
=
=
=

4800
1260
21
139

Solution 2
In this solution we will use averages to solve the problem.
Let A represent the average of the sixty consecutive odd integers. The average times the
number of integers equals the sum of the integers. Since the sum of the sixty integers is 4800,
then 60A = 4800 and A = 80.
Now the integers in the sequence are consecutive odd integers. The average is even. It follows
that 30 integers are below the average and 30 integers are above. We are looking for the 30th
odd integer after the average. In fact we want the 30th odd integer after the odd number 79,
the first odd integer below the average. This integer is easily found,
79 + 30(2) = 79 + 60 = 139.
Therefore, the largest odd integer in the sum is 139.

Solution 3
In this solution we will use arithmetic sequences. This solution is presented last since many
students in grade 9 or 10 have not encountered arithmetic sequences yet.
An arithmetic sequence is a sequence in which each term after the first is obtained from the
previous term by adding a constant. The general term, tn , of an arithmetic sequence is
tn = a + (n − 1)d, where a is the first term, d is the difference between consecutive terms, and
n is the term number. The sum of the first n terms of an arithmetic sequence, Sn , can be
found using the formula Sn = n2 (2a + (n − 1)d), where a, d, and n are the same variables used
in the general term formula.
Let a represent the first term in the sequence. Since the integers in the sequence are
consecutive and odd, the integers go up by two. Therefore, d = 2. Since there are 60 terms in
the sequence, n = 60. The sum of the sixty integers in the sequence is 4800, so S60 = 4800.
n
(2a + (n − 1)d)
Sn =
2
60
4800 =
(2a + (60 − 1)(2))
2
4800 = 30(2a + 59(2))
Dividing by 30, 160 = 2a + 118
42 = 2a
21 = a
Since we want the largest integer in the sequence, we are looking for the sixtieth term.
Using tn = a + (n − 1)d, with a = 21, d = 2, n = 60
t60 = 21 + 59(2)
t60 = 139
Therefore, the largest odd integer in the sum is 139.

Problem of the Week
Problem D
Count on This
Determine the number of integer values of n that satisfy the following inequality:
7
1
1
≤ ≤
9 n 5

Problem of the Week
Problem D and Solution
Count on This
Problem
Determine the number of integer values of n that satisfy the following inequality:
1
7
1
≤ ≤
9
n
5

Solution
First notice that since 19 ≤ n7 , and
well. It follows that n is positive.
Since

1
9

=

7
63

and

1
5

=

7
35 ,

1
9

is positive, that means

7
n

must be positive as

we can rewrite our inequality as follows:
7
7
7
≤ ≤
63 n 35

Since the fractions are all positive and n > 0, this is true when 35 ≤ n ≤ 63.
This is because if two fractions have the same numerator, then the larger fraction
must have a smaller denominator, i.e. 52 < 23 .
Now we just need to count the number of values of n that satisfy 35 ≤ n ≤ 63.
We could count them, but a faster way would be to do some simple math. Since
n is an integer, there are 63 − 35 + 1 = 29 possible values for n.

Problem of the Week
Problem D
The Area Within
Quadrilateral ABCD is constructed as follows:
• vertex A is located at the origin;
• vertex C is at the intersection point of the lines `1 : 5x + 2y = 30 and
`2 : x + 2y = 22;
• vertex B is at the intersection point of the y-axis and `2 ; and
• vertex D is at the intersection point of the x-axis and `1 .
Determine the area of ABCD.

Problem of the Week
Problem D and Solution
The Area Within
Problem
Quadrilateral ABCD is constructed as follows:
• vertex A is located at the origin;
• vertex C is at the intersection point of the lines
`1 : 5x + 2y = 30 and `2 : x + 2y = 22;
• vertex B is at the intersection point of the y-axis and `2 ; and
• vertex D is at the intersection point of the x-axis and `1 .
Determine the area of ABCD.

Solution
Let the coordinates of C be (h, k) where h is the horizontal distance from the y-axis to C and
k is the vertical distance from the x-axis to C.
To find the coordinates of D, let y = 0 in 5x + 2y = 30. Therefore, the x-intercept is 6 and the
coordinates of D are (6, 0).
To find the coordinates of B, let x = 0 in x + 2y = 22. Therefore, the y-intercept is 11 and the
coordinates of B are (0, 11).
Two methods are provided to find C, the point of intersection of `1 and `2 .
1. Solving for C using the method of substitution:
Rewrite equation `2 as x = 22 − 2y.
Substitute for x in `1 so that 5(22 − 2y) + 2y = 30. Simplifying, 110 − 10y + 2y = 30.
This further simplifies to −8y = −80 and y = 10.
Substituting y = 10 in x + 2y = 22 gives x + 20 = 22 and x = 2.
The coordinates of C, the point of intersection of `1 and `2 , are (2, 10). Therefore, h = 2
and k = 10.
2. Solving for C using the method of elimination:
`1 : 5x + 2y =
`2 :
x + 2y =
Subtracting, we obtain,
4x =
Therefore,
x =

30
22
8
2

Substituting x = 2 in l1 , 10 + 2y = 30 and y = 10. The coordinates of C, the point of
intersection of `1 and `2 , are (2, 10). Therefore, h = 2 and k = 10.

Quadrilateral ABCD can be divided into two triangles, 4ABC and 4ACD. Therefore,
Area ABCD = Area 4ABC + Area 4ACD
1
1
=
(h × AB)
+
(k × AD)
2
2
1
1
=
(2)(11) +
(10)(6)
2
2
= 11 + 30
= 41
Therefore, the area of ABCD is 41 units2 .
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Problem of the Week
Problem D
Near Perfect
In ten-pin bowling, the highest possible score in a single game is 300.
At one point in the bowling season, Fred F Stone had an average score of 177. In
his next game he obtained a score of 199, which caused his average to increase to
178. After one more game Fred would like his average to be 183.
Is it possible for Fred to accomplish this? If it is possible, what score does he
need in his next game? If it is not possible, explain why not.

Problem of the Week
Problem D and Solution
Near Perfect
Problem
In ten-pin bowling, the highest possible score in a single game is 300. At one point in the
bowling season, Fred F Stone had an average score of 177. In his next game he obtained a
score of 199, which caused his average to increase to 178. After one more game Fred would like
his average to be 183. Is it possible for Fred to accomplish this? If it is possible, what score
does he need in his next game? If it is not possible, explain why not.

Solution
Solution 1
Let n be the number of games bowled to achieve his 177 average. His total points
scored in n games is his average times n. Therefore, Fred has 177n total points in
n games.
To compute his average after bowling the 199 game, we take his new total points
and divide by n + 1, the new number of games.
Average =
178 =
178(n + 1) =
178n + 178 =
n =

Total Points
Games Played
177n + 199
n+1
177n + 199
177n + 199
21

Prior to bowling the 199 game, Fred had bowled 21 games. So after bowling the
199 game, Fred has bowled 22 games. Fred wants to have a 183 average after
bowling his 23rd game. The difference between his total points after 23 games
with a 183 average and his total points after bowling 22 games with a 178
average must be his score on the 23rd game.
Score on 23rd Game = 23 × 183 − 22 × 178 = 4209 − 3916 = 293
Therefore it is possible for Fred to raise his average from 178 to 183 in a single
game, but he must bowl 293 in his next game to do this. This is a near perfect
game.

Solution 2
Fred’s score of 199 is 199 − 177 = 22 points above his previous average. The
game where Fred scored 199 raised his average 1 point. Therefore, his game with
the 199 score must have been his 22nd game.
To raise his average 5 points in his 23rd game he must bowl 5 × 23 = 115 points
above his 178 average. Therefore, he must bowl 178 + 115 = 293 in his next
game.
Therefore, it is possible for Fred to raise his average from 178 to 183 in a single
game, but he must bowl 293 in his next game to do this. This is a near perfect
game.
We can verify our results:
Average on 21 games is 177.
21 × 177 + 199 3916
=
= 178
Average on 22 games =
22
22
22 × 178 + 293 4209
Average on 23 games =
=
= 183
23
23

Problem of the Week
Problem D
Tickets
POTW Secondary School is putting on a play. Tickets for the play are numbered,
and each ticket consists of exactly four digits chosen from the digits 0 to 9.
Every possible ticket is printed exactly once. If tickets are handed out in a
random order, what is the probability that first ticket handed out has digits
whose sum is 34 or higher?

Problem of the Week
Problem D and Solution
Tickets
Problem
POTW Secondary School is putting on a play. Tickets for the play are numbered, and each
ticket consists of exactly four digits chosen from the digits 0 to 9. Every possible ticket is
printed exactly once. If tickets are handed out in a random order, what is the probability that
first ticket handed out has digits whose sum is 34 or higher?

Solution
First we must determine the total number of possible four-digit ticket numbers. There are 10 choices
for the first digit. For each of these choices there are 10 choices for the second digit. Therefore, there
are 10 × 10 = 100 choices for the first two digits. For each of these possibilities, there are 10 choices for
the third digit. Therefore, there are 100 × 10 = 1000 possibilities for the first three digits. And finally,
for each of these 1000 choices for the first three digits there are 10 choices for the fourth digit.
Therefore there are 1000 × 10 = 10 000 possible four-digit ticket numbers.
Now we must determine the number of ticket numbers with a digit sum of 34 or higher. We will
consider cases.
1. The ticket number contains four 9s. If the digits are all 9s, the sum is 36 which is
acceptable. There is only one way to form a number using all 9s for digits.
2. The ticket number contains three 9s and one other digit. The three 9s sum to 27. In
order to get 34 or higher the fourth digit must be 7 or 8. There are two choices for the fourth
digit. Once the digit is chosen there are four places to put the digit. Once the digit is placed the
remaining spots must be 9s. Therefore, there are 2 × 4 = 8 ticket numbers containing three 9s.
(It is possible to list them: 7999, 8999, 9799, 9899, 9979, 9989, 9997, 9998.)
3. The ticket number contains two 9s. The two 9s sum to 18. In order to get to 34 or higher,
we need a sum of 34 − 18 = 16 or higher from the two remaining digits. The only way to do this,
since we cannot use more 9s, is to use two 8s. The two 8s can be placed in six ways and then the
9s must go in the remaining spots. Therefore, there are six ticket numbers containing two 9s.
(It is possible to list them: 8899, 8989, 8998, 9889, 9898, 9988.)
4. The ticket number contains one 9. In order to get to 34 or higher, we need a sum of
34 − 9 = 25 or higher from the remaining three digits. But this sum would be made from three
digits chosen from the digits 0 to 8. The maximum possible sum would be 24 if three 8s were
used. We need 25 or higher. Therefore, no ticket number containing only one 9 will produce a
sum of 34 or higher. It should be noted that a ticket number with no nines would not produce a
sum of 34 or higher either.
Therefore, the number of ticket numbers with a digit sum of 34 or higher is 1 + 8 + 6 = 15. To
calculate the probability we divide the number of tickets with a digit sum of 34 or more by the number
of possible ticket numbers. The probability of getting a ticket with a digit sum of 34 or higher is
15
3
10 000 = 2000 . Another way of looking at this result is out of every 2000 tickets you could expect, on
average, to find 3 with a digit sum of 34 or higher.

Problem of the Week
Problem D
Another Path Using Math
A landscaper needs to fill a path measuring 2 feet by 8 feet with patio stones.
The patio stones are each 1 foot by 2 feet, so the landscaper calculates that she
will need 8 of them.
Before arranging the patio stones, the landscaper wants to look at all her options.
She can not cut or overlap the stones, and they all must fit inside the path area
without any gaps. Two possible arrangements of the stones are shown below.
How many different arrangements are there in total?

Problem of the Week
Problem D and Solution
Another Path Using Math
Problem
A landscaper needs to fill a path measuring 2 feet by 8 feet with patio stones. The patio stones
are each 1 foot by 2 feet, so the landscaper calculates that she will need 8 of them. Before
arranging the patio stones, the landscaper wants to look at all her options. She can not cut or
overlap the stones, and they all must fit inside the path area without any gaps. Two possible
arrangements of the stones are shown. How many different arrangements are there in total?

Solution
Let’s consider the ways that the patio stones can be arranged. We will imagine we are looking
at the path from the side, just like in the images shown in the question. First, notice that there
must always be an even number of patio stones that have a horizontal orientation, because
they must be placed in pairs.
• All patio stones are vertical (and none are horizontal)
This can be done in only one way.

• Six patio stones are vertical and two are horizontal
There could be 0, 1, 2, 3, 4, 5, or 6 vertical stones to the right of the horizontal stones.
So there are 7 ways that six patio stones are vertical and two are horizontal. The first 2
of these ways are shown.

• Four patio stones are vertical and four are horizontal
We need to consider sub cases:
• Case 1: There are no vertical stones between the horizontal stones.
There could be 0, 1, 2, 3, or 4 vertical stones to the right of the horizontal stones.
So there are 5 ways that four patio stones are vertical and four are horizontal when
there are no vertical stones between the horizontal stones. The first 2 of these ways
are shown.

• Case 2: There is one vertical stone between the horizontal stones.
There could be 0, 1, 2, or 3 vertical stones to the right of the rightmost horizontal
stones. So there are 4 ways that four patio stones are vertical and four are
horizontal when there is one vertical stone between the horizontal stones. The first 2
of these ways are shown.

• Case 3: There are two vertical stones between the horizontal stones.
There could be 0, 1, or 2 vertical stones to the right of the rightmost horizontal
stones. So there are 3 ways that four patio stones are vertical and four are
horizontal when there are two vertical stones between the horizontal stones. The
first 2 of these ways are shown.

• Case 4: There are three vertical stones between the horizontal stones.
There could be 0 or 1 vertical stones to the right of the rightmost horizontal stones.
So there are 2 ways that four patio stones are vertical and four are horizontal when
there are three vertical stones between the horizontal stones.

• Case 5: There are four vertical stones between the horizontal stones.
There cannot be any vertical stones to the right of the rightmost horizontal stones,
because they are all in between the horizontal stones. So there is 1 way that four
patio stones are vertical and four are horizontal when there are four vertical stones
between the horizontal stones.

• Two patio stones are vertical, six are horizontal
• Case 1: There are no horizontal stones between the vertical stones.
There could be 0, 2, 4, or 6 horizontal stones to the right of the rightmost vertical
stone. So there are 4 ways that two patio stones are vertical and six are horizontal
when there are no horizontal stones between the vertical stones. The first 2 of these
ways are shown.

• Case 2: There are two horizontal stones between the vertical stones.
There could be 0, 2, or 4 horizontal stones to the right of the rightmost vertical
stone. So there are 3 ways that two patio stones are vertical and six are horizontal
when there are two horizontal stones between the vertical stones. The first 2 of
these ways are shown.

• Case 3: There are four horizontal stones between the vertical stones.
There could be 0 or 2 horizontal stones to the right of the rightmost vertical stone.
So there are 2 ways that two patio stones are vertical and six are horizontal when
there are four horizontal stones between the vertical stones.

• Case 4: There are six horizontal stones between the vertical stones.
There cannot be any horizontal stones to the right of the rightmost vertical stone,
because they are all between the vertical stones. So there is 1 way that two patio
stones are vertical and six are horizontal when there are six horizontal stones
between the vertical stones.

• All patio stones are horizontal
This can be done in only one way.

Therefore, the total number of different arrangements of the patio stones is
1 + 7 + (5 + 4 + 3 + 2 + 1) + (4 + 3 + 2 + 1) + 1 = 34.

Problem of the Week
Problem D
Surprise Cupcakes
As part of their opening day celebration, Benny’s Bakery made 150 cupcakes.
The cupcakes all looked identical on the outside, but 6 of them had caramel
inside. Customers who bought a cupcake with a caramel inside won a free cake.
The cupcakes were randomly arranged and customers were allowed to choose
their own cupcakes.
Zoe was the first customer in line and bought three cupcakes. What is the
probability that exactly one of Zoe’s cupcakes had caramel inside?

Problem of the Week
Problem D and Solution
Surprise Cupcakes
Problem
As part of their opening day celebration, Benny’s Bakery made 150 cupcakes. The cupcakes all
looked identical on the outside, but 6 of them had caramel inside. Customers who bought a
cupcake with a caramel inside won a free cake. The cupcakes were randomly arranged and
customers were allowed to choose their own cupcakes. Zoe was the first customer in line and
bought three cupcakes. What is the probability that exactly one of Zoe’s cupcakes had caramel
inside?

Solution
To start, we will count the total number of ways to select Zoe’s cupcakes. There
are 150 ways to select the first cupcake. For each of these possible selections,
there are 149 ways to select the second cupcake. So there are 150 × 149 = 22 350
ways to select the first two cupcakes. For each of these selections, there are 148
ways to select the third cupcake. So there are 22 350 × 148 = 3 307 800 ways to
select the first three cupcakes. That’s a lot of ways!
Of the 150 available cupcakes, 6 contain caramel and 150 − 6 = 144 do not. Once
a cupcake without caramel is selected, the number of available cupcakes without
caramel decreases by 1.
If Zoe selects exactly one cupcake with caramel, then her other two cupcakes do
not have caramel. We have three cases to consider.
Case 1: The first cupcake has caramel.
The number of possible selections is 6 × 144 × 143 = 123 552.
Case 2: The second cupcake has caramel.
The number of possible selections is 144 × 6 × 143 = 123 552.
Case 3: The third cupcake has caramel.
The number of possible selections is 144 × 143 × 6 = 123 552.
Thus, the total number of ways in which Zoe can select exactly one cupcake with
caramel is 123 552 × 3 = 370 656. To calculate the probability, we will divide this
result by the total number of ways to select three cupcakes.
370 656
15 444
P (Zoe selects exactly one cupcake with caramel) =
=
≈ 0.112
3 307 800 137 825
15 444
Thus, the probability of Zoe selecting exactly one cupcake with caramel is 137
825 ,
or approximately 11%.

Problem of the Week
Problem D
Working on Camera
Today we are going to be working on camera. To be more precise, we are going
to count certain arrangements of the letters in the word CAM ERA.
The six letters, C, A, M , E, R, and A are arranged to form six letter “words”.
When examining the “words”, how many of them have the vowels A, A, and E
appearing in alphabetical order and the consonants C, M , and R not appearing
in alphabetical order? The vowels may or may not be adjacent to each other and
the consonants may or may not be adjacent to each other.
For example, each of M AAERC and ARAEM C are valid arrangements, but
ACAM ER, M EAARC, and AEACM R are invalid arrangements.

Problem of the Week
Problem D and Solution
Working on Camera
Problem
Today we are going to be working on camera. To be more precise, we are going to count
certain arrangements of the letters in the word CAM ERA.
The six letters, C, A, M , E, R, and A are arranged to form six letter “words”. When examining
the “words”, how many of them have the vowels A, A, and E appearing in alphabetical order
and the consonants C, M , and R not appearing in alphabetical order? The vowels may or may
not be adjacent to each other and the consonants may or may not be adjacent to each other.
For example, each of M AAERC and ARAEM C are valid arrangements, but ACAM ER,
M EAARC, and AEACM R are invalid arrangements.
Solution
Solution 1
In this solution we will count all of the valid six letter arrangements of C, A, M, E, R, and A
directly.
First consider the number of ways to place the vowels alphabetically in the arrangement.
1. If the first A is in the first position, then the second A may be in the second, third,
fourth, or fifth position. It cannot appear in the sixth position, as the E must appear
after the second A.
• If the second A is in the second position, the E can be placed in 4 ways (in the
third, fourth, fifth or sixth position).
• If the second A is in the third position, the E can be placed in 3 ways (in the
fourth, fifth or sixth position).
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 4 + 3 + 2 + 1 = 10 ways to place the vowels in alphabetical order so
that the first A is in the first position.
2. If the first A is in the second position, then the second A may be in the third, fourth, or
fifth position.
• If the second A is in the third position, the E can be placed in 3 ways (in the
fourth, fifth or sixth position).
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 3 + 2 + 1 = 6 ways to place the vowels in alphabetical order so the first
A is in the second position.

3. If the first A is in the third position, then the second A may be in the fourth or fifth
position.
• If the second A is in the fourth position, the E can be placed in 2 ways (in the fifth
or sixth position).
• If the second A is in the fifth position, the E can be placed in 1 way (in the sixth
position).
There is a total of 2 + 1 = 3 ways to place the vowels in alphabetical order so the first A
is in the third position.
4. If the first A is in the fourth position, then the second A must be in the fifth position and
the E must be in the sixth position. So there is a total of 1 way to place the vowels in
alphabetical order so the first A is in the fourth position.
Adding each of the above results, there is a total of 10 + 6 + 3 + 1 = 20 ways to place the
vowels so that they are in alphabetical order. For each of the 20 ways to place the vowels in
alphabetical order, we find the number of valid ways to fill the remaining three positions with
the consonants so that they are not in alphabetical order.
It turns out that the consonants can be placed in the three remaining positions in six possible
orders: CM R, CRM , M CR, M RC, RCM , and RM C. One of the arrangements of the
consonants is in alphabetical order and five of the arrangements are not in alphabetical order.
So for each of the 20 arrangements in which the vowels are in alphabetical order there are 5
arrangements of the consonants so they are not in alphabetical order.
Therefore, there are 20 × 5 = 100 arrangements of the letters of the word CAM ERA in which
the vowels appear alphabetically and the consonants do not appear alphabetically.
Solution 2
In this solution we will first count the total number of arrangements of the letters in the word
CAM ERA.
Notice that there are two As. We need to be careful not to count arrangements twice. So we
will consider placing the distinct letters C, E, M, and R first. There are 6 places for the C.
For each of these placements of C, there are 5 ways to place the E. This gives a total of
6 × 5 = 30 ways to place the C and E. For each of these placements of C and E, there are 4
ways to place the M . This gives a total of 30 × 4 = 120 ways to place the C, E and M . For
each of these placements of C, E and M , there are 3 ways to place the R. This gives a total of
120 × 3 = 360 ways to place the C, E, M , and R. The two As must go in the remaining two
spots and this can be done in only 1 way. Therefore, there is a total of 360 ways to arrange the
six letters of the word CAM ERA.
In examining the 360 arrangements, you would see the vowels appearing in one of three orders:
AAE, AEA and EAA, only one of which is in alphabetical order. So in one-third of the 360
arrangements, or 120 arrangements, the vowels will appear in alphabetical order.
In examining the 120 arrangements in which the vowels appear alphabetically, the consonants
will appear in one of six different orders: CM R, CRM , M CR, M RC, RCM , and RM C.
Five-sixths of these orderings have the consonants out of alphabetical order. So five-sixths of
the 120 arrangements, or 100 arrangements, will be such that the vowels appear alphabetically
and the consonants do not appear alphabetically.
Therefore, there are 100 arrangements of the letters of the word CAM ERA in which the
vowels appear alphabetically and the consonants do not appear alphabetically.

Computational
Thinking (C)

TAKE ME
TO THE
COVER

Problem of the Week
Problem D
Follow the Path
Consider the following number tree.

In this number tree, the integers greater than or equal to 0 are written out in
increasing order, with the top row containing one integer and every row after
containing twice as many integers as the row above it. Each integer is connected
to two integers in the row below, one down and to the left and one down and to
the right, as shown in the tree. For example, the number 5 is connected to the
number 11 (down to the left) and the number 12 (down to the right) in the row
below. Notice that we can get from 0 to 12 by going down right (R), down left
(L), then down right (R).
Determine the integer you end at when you take the following path from 0:
R→R→R→R→R→L→L→R→L→R

Problem of the Week
Problem D and Solution
Follow the Path
Problem
Consider the number tree shown to the right. In this number tree,
the integers greater than or equal to 0 are written out in increasing
order, with the top row containing one integer and every row after
containing twice as many integers as the row above it. Each integer
is connected to two integers in the row below, one down and to
the left and one down and to the right, as shown in the tree. For
example, the number 5 is connected to the number 11 (down to
the left) and the number 12 (down to the right) in the row below.
Notice that we can get from 0 to 12 by going down right (R), down
left (L), then down right (R). Determine the integer you end at
when you take the following path from 0:
R→R→R→R→R→L→L→R→L→R

Solution
Solution 1
At first it may not be obvious how to proceed. We can see from the given diagram that
R → R → R takes us from 0 to 2 to 6 to 14. But from there where do we go? We could write
out more rows of the tree until we are able to make the required number of moves and then
read off the final answer. This approach would work for a relatively small number of moves but
would not be practical in general for “longer” strings of moves.
We will proceed by making an observation. When we perform a move to the left (L) from any
number, we end up at an odd number. When we perform a move to the right (R) from any
number, we end up at an even number. Is there a general formula which can be used when
asked to move left (L)? Is there a general formula which can be used when asked to move right
(R)?
The diagram to the right has two parts of the tree circled.
Can we discover a pattern that takes us from each initial
number to the odd and even numbers below? To get from 1 to
3 we could add 2 and to get from 1 to 4 we could add 3. But
doing the same with 6 would not get us to 13 and 14. As we
go down the tree, each new row has twice as many numbers as
the row above. Let’s try multiplying the initial number by 2
and then seeing what is necessary to get to the odd and even
number below. If we double 1 we get 2. Then we would need
to add 1 to get to the odd number 3 below and add 2 to get
to the even number 4 below. Does this work with the 6? If
we double 6 and add 1, we get 13. It appears to work. If we
double 6 and add 2, we get 14. It also appears to work.

So it would appear that if we make a move left (L) from any number a in the tree, the
resulting number is one more than twice the value of a. That is, a move left (L) from a takes
us to the number 2a + 1 in the tree.
It would appear that if we make a move right (R) from any number a in the tree, the resulting
number is two more than twice the value of a. That is, a move right (R) from a takes us to the
number 2a + 2 in the tree.
These results are true but unproven. This relationship has worked for all of the rows we have
sampled but we have not proven it true in general. You will have to wait for some higher
mathematics to be able to prove that this is true in general.
The following table shows the result of performing the given sequence of moves
R→R→R→R→R→L→L→R→L→R
Initial Number
0
2
6
14
30
62
125
251
504
1009

Move
R
R
R
R
R
L
L
R
L
R

Calculation
2(0) + 2
2(2) + 2
2(6) + 2
2(14) + 2
2(30) + 2
2(62) + 1
2(125) + 1
2(251) + 2
2(504) + 1
2(1009) + 2

Next Number
2
6
14
30
62
125
251
504
1009
2020

Starting at 0 and making the moves R → R → R → R → R → L → L → R → L → R, we end
at the number 2020.
Once we determined the operations required to make a move left (L) and a move right (R), the
problem was quite straightforward to solve. It would be possible to write a computer program
which would accept any length sequence of Ls and Rs, and get the computer to determine the
final position in this specific tree.
A solution that does not require the use of the unproven result is provided on the next page.

Solution 2
By following the given directions, we will end up in row 11 of the tree. So we first determine
which integers are in row 11.
To get from the top integer to the rightmost integer in row 2, add 2. To get from the rightmost
integer in row 2 to the rightmost integer in row 3, add 4. To get from the rightmost integer in
row 3 to the rightmost integer in row 4, add 8. These numbers which are added correspond to
the number of integers in that next row. We will find the rightmost integer in row 10 and the
rightmost integer in row 11.
The rightmost integer in row 10 is: 0 + 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 512 = 1022.
The rightmost integer in row 11 is: 0 + 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 512 + 1024 = 2046.
It follows that row 11 contains the 1024 integers from 1023 (1 more than the last integer in row
10) to 2046 (the rightmost integer in row 11), inclusive.
Now we look at the commands to narrow down where we will be in the 11th row.
The first R will take us to the right half of the number range 1023 to 2046, namely 1535 to
2046, 512 possible numbers.
The second R will take us to the right half of the number range 1535 to 2046, namely 1791 to
2046, 256 possible numbers.
The third R will take us to the right half of the number range 1791 to 2046, namely 1919 to
2046, 128 possible numbers.
The fourth R will take us to the right half of the number range 1919 to 2046, namely 1983 to
2046, 64 possible numbers.
The fifth R will take us to the right half of the number range 1983 to 2046, namely 2015 to
2046, 32 possible numbers.
The first L will take us to the left half of the number range 2015 to 2046, namely 2015 to 2030,
16 possible numbers.
The second L will take us to the left half of the number range 2015 to 2030, namely 2015 to
2022, 8 possible numbers.
The sixth R will take us to the right half of the number range 2015 to 2022, namely 2019 to
2022, 4 possible numbers.
The third L will take us to the left half of the number range 2019 to 2022, namely 2019 to
2020, 2 possible numbers.
The final R will take us to the right half of the number range 2019 to 2020, namely 2020, our
final destination.
Therefore we end up at 2020, a number in the 11th row of the tree.

Problem of the Week
Problem D
Order Four Cards
Four playing cards are placed in a row, from left to right. Each card is of a
different suit. One card is a club (♣), one card is a diamond (♦), one card is a
heart (♥), and one card is a spade (♠), not necessarily in that order. There is a
different integer between 1 and 10, inclusive, on each card (an ace is read as a 1).
Using the following clues, determine the exact order of the cards, from left to
right, including the suit and number.
1. The heart and the spade are immediately beside each other, in that order,
from left to right.
2. The diamond is not the first (leftmost) card, and the club is not the fourth
(rightmost) card.
3. The 7 is somewhere to the left of the club and the 3 is somewhere to the
right of the club.
4. The two cards whose values are still unknown add to nine.
5. From left to right, the cards are arranged from largest to smallest.

Problem of the Week
Problem D and Solution
Order Four Cards
Problem
Four playing cards are placed in a row, from left to right. Each card is of a different suit. One
card is a club (♣), one card is a diamond (♦), one card is a heart (♥), and one card is a spade
(♠), not necessarily in that order. There is a different integer between 1 and 10, inclusive, on
each card (an ace is read as a 1).
Using the following clues, determine the exact order of the cards, from left to right, including
the suit and number.
1. The heart and the spade are immediately beside each other, in that order, from left to
right.
2. The diamond is not the first (leftmost) card, and the club is not the fourth (rightmost)
card.
3. The 7 is somewhere to the left of the club and the 3 is somewhere to the right of the club.
4. The two cards whose values are still unknown add to nine.
5. From left to right, the cards are arranged from largest to smallest.

Solution
Let C be the club, D be the diamond, H be the heart, and S be the spade.
Using the first clue, we can determine that there are only three possible placements for H and S,
namely (H, S, , ), (, H, S, ) or (, , H, S).
We will use the second clue to determine where the C and D must be placed in each possibility. For
(H, S, , ), the order must be (H, S, C, D), since C cannot go last. For (, H, S, ), the order must
be (C, H, S, D), since D cannot be first and C cannot be last. For (, , H, S), the order must be
(C, D, H, S), since D cannot go first.
The third clue says that 7 is somewhere to the left of the club. This means that the club cannot be
furthest to the left. Therefore, we can rule out two of the three possibilities leaving (H, S, C, D) as the
only possibility. Using the third clue further, we know that a 7 is somewhere to the left of the club and
a 3 is somewhere to the right of the club. So the 7 is in the first or second spot, the 3 of diamonds is in
the fourth spot. At this point we know the order is either (7H, S, C, 3D) or (H, 7S, C, 3D).
From the fourth clue we know that the remaining pair of numbers add to 9. Since numbers are used
only once and the numbers 7 and 3 are already used, we can rule out the following pairs: 7 and 2, 6
and 3. That leaves only two possible pairs: 8 and 1, and 5 and 4. Using the fifth clue, we can place the
numbers from largest to smallest and see if the solution is valid. Trying 8 and 1 in our possible
solutions we obtain (7H, 8S, 1C, 3D) or (8H, 7S, 1C, 3D). Neither of these are valid since all the card
values would not be arranged from largest to smallest. Trying 5 and 4 in our possible solutions we
obtain (7H, 5S, 4C, 3D) or (5H, 7S, 4C, 3D). Only the first of these solutions satisfies the condition
that all the card values are arranged from largest to smallest.
Therefore, the cards are placed in the following order from left to right: 7 of hearts (7♥), then 5 of
spades (5♠), then 4 of clubs (4♣), and then 3 of diamonds (3♦).

Problem of the Week
Problem D
Approved!
Debit and credit cards contain account numbers which consist of many digits. When
purchasing items online, you are often asked to type in your account number. Because there
are so many digits, it is easy to type the number incorrectly. The last digit of the number is a
specially generated check digit which can be used to quickly verify the validity of the number.
A common algorithm used for verifying numbers is called the Luhn Algorithm. A series of
operations are performed on the number and a final result is produced. If the final result ends
in zero, the number is valid. Otherwise, the number is invalid.
The steps performed in the Luhn Algorithm are outlined in the flowchart below. Two examples
are provided.
Example 2:

Example 1:
Number: 135792

Accept any
number to check.

Number: 1357987

Reversal: 297531

Reverse the digits.

Reversal: 7897531

Add all the
digits in the odd
positions. Call this A.

A=7+9+5+1
= 22

A=2+7+3
= 12
2 × 9 = 18
2 × 5 = 10
2×1=2
B = (1 + 8) + (1 + 0) + 2
=9+1+2
= 12
C = 12 + 12 = 24

2 × 8 = 16
2 × 7 = 14
2×3=6

Double each of the
remaining digits.
Add the digits in each of
the products, and then
find the sum of these
numbers. Call this B.
Calculate C = A + B.

C does not end in zero.
The number is not valid.

INVALID

C = 22 + 18 = 40
C ends in zero.
The number is valid.

Does C
end in 0?
NO

B = (1 + 6) + (1 + 4) + 6
=7+5+6
= 18

YES
VALID

The number 8763 D8D4 D6D8 0459 is a valid number when verified by the Luhn Algorithm.
D is an integer from 0 to 9 occurring four times in the number. (It may also be one of the
existing known digits.) Determine all possible values of D.

Problem of the Week
Problem D and Solution
Approved!
Accept any number to check.

Problem
Debit and credit cards contain account numbers
which consist of many digits. When purchasing
items online, you are often asked to type in your
account number. Because there are so many digits,
it is easy to type the number incorrectly. The
last digit of the number is a specially generated
check digit which can be used to quickly verify the
validity of the number. A common algorithm used
for verifying numbers is called the Luhn Algorithm.
A series of operations are performed on the number
and a final result is produced. If the final result ends
in zero, the number is valid. Otherwise, the number
is invalid.
The steps performed in the Luhn Algorithm are
outlined in the flowchart to the right.

Reverse the digits.
Add all the digits in the
odd positions. Call this A.
Double each of the
remaining digits.
Add the digits in each of the
products, and then find the sum
of these numbers. Call this B.
Calculate C = A + B.
Does C
end in 0?
NO

YES

INVALID

VALID

The number 8763 D8D4 D6D8 0459 is a valid number when verified by the Luhn Algorithm.
D is an integer from 0 to 9 occurring four times in the number. (It may also be one of the
existing known digits.) Determine all possible values of D.
Solution
Solution 1
When the digits of the number are reversed the resulting number is 9540 8D6D 4D8D 3678.
The sum of the digits in the odd positions is
A = 9 + 4 + 8 + 6 + 4 + 8 + 3 + 7 = 49
When the digits in the remaining positions are doubled, the following products are obtained:
2×5 = 10; 2×0 = 0; 2×D = 2D; 2×D = 2D; 2×D = 2D; 2×D = 2D; 2×6 = 12; and 2×8 = 16.
Let x represent the sum of the digits of 2D.
When the digit sums from each of the products are added, the sum is:
B = (1 + 0) + 0 + x + x + x + x + (1 + 2) + (1 + 6) = 1 + 0 + 4x + 3 + 7 = 4x + 11
Since C = A + B, we have C = 49 + 4x + 11 = 60 + 4x.
When an integer from 0 to 9 is doubled and the digits of the product are added together, what
are the possible sums which can be obtained?
Original Digit → D

0

1

2

3

4

5

6

7

8

9

Twice the Original Digit → 2D

0

2

4

6

8

10

12

14

16

18

The Sum of the Digits of 2D

0

2

4

6

8

1

3

5

7

9

Notice that the sum of the digits of twice the original digit can only be an integer from 0 to 9
inclusive. It follows that the only values for x are the integers from 0 to 9.
To be a valid number, the units digit of C must be 0. We want 60 + 4x to be an integer greater
than or equal to 60 such that the units digit is 0.
Can 60 + 4x = 60? When 4x = 0, then x = 0, 60 + 4x = 0 and D = 0. That is, when D = 0,
2D = 0 and the sum of the digits of 2D is x = 0. This value of D produces a valid number.
Can 60 + 4x = 70? When 4x = 10, then x = 2.5 and 60 + 4x = 70. But x must be an integer
value so this is not possible.
Can 60 + 4x = 80? When 4x = 20, then x = 5, 60 + 4x = 80 and D = 7. That is, when D = 7,
2D = 14 and the sum of the digits of 2D is x = 5. This value of D produces a valid number.
Can 60 + 4x = 90? When 4x = 30, then x = 7.5 and 60 + 4x = 90. But x must be an integer
value so this is not possible.
Can 60 + 4x = 100? When 4x = 40, then x = 10 and 60 + 4x = 100. But x must be an integer
from 0 to 9 inclusive, so this is not possible.
Every integer ending in 0 that is larger than 100 would produce a value for x greater than 10.
There are no more possible values for x or D.
Therefore, the two valid possibilities for D are 0 and 7.
When D = 0, the number is 8763 0804 0608 0459, which is indeed valid by the Luhn Algorithm.
When D = 7, the number is 8763 7874 7678 0459, which is indeed valid by the Luhn Algorithm.
Solution 2
The second solution looks at each of the possible values of D and then verifies the resulting
number. A computer program or spreadsheet could be developed to solve this problem
efficiently.
Remember that A is the sum of the digits in the odd positions of the reversal. Each of the
digits in the even positions of the reversal are doubled and B is the sum of the sum of the
digits of each of these products. C is the sum A + B.
D
0
1
2
3
4
5
6
7
8
9

Number
8763
8763
8763
8763
8763
8763
8763
8763
8763
8763

0804
1814
2824
3834
4844
5854
6864
7874
8884
9894

0608
1618
2628
3638
4648
5658
6668
7678
8688
9698

A

Reversal
0459
0459
0459
0459
0459
0459
0459
0459
0459
0459

9540
9540
9540
9540
9540
9540
9540
9540
9540
9540

8060
8161
8262
8363
8464
8565
8666
8767
8868
8969

4080
4181
4282
4383
4484
4585
4686
4787
4888
4989

3678
3678
3678
3678
3678
3678
3678
3678
3678
3678

49
49
49
49
49
49
49
49
49
49

Double Even
Digits
10, 0, 0, 0,
10, 0, 2, 2,
10, 0, 4, 4,
10, 0, 6, 6,
10, 0, 8, 8,
10, 0, 10, 10,
10, 0, 12, 12,
10, 0, 14, 14,
10, 0, 16, 16,
10, 0, 18, 18,

Therefore, the two valid possibilities for D are 0 and 7.

0, 0, 12, 16
2, 2, 12, 16
4, 4, 12, 16
6, 6, 12, 16
8, 8, 12, 16
10, 10, 12, 16
12, 12, 12, 16
14, 14, 12, 16
16, 16, 12, 16
18, 18, 12, 16

B

C

Valid /
Invalid

11
19
27
35
43
15
23
31
39
47

60
68
76
84
92
64
72
80
88
96

Valid
Invalid
Invalid
Invalid
Invalid
Invalid
Invalid
Valid
Invalid
Invalid

Problem of the Week
Problem D
Not as Easy as 1, 2, 3
Zephaniah places the numbers 1, 2, and 3 in the circles below so that each circle
contains exactly one of 1, 2, and 3, and any two circles joined by a line do not
contain the same number. He then finds the sum of the numbers in the four
circles on the far right. What sums could he achieve?

Problem of the Week
Problem D and Solution
Not as Easy as 1, 2, 3
Problem
Zephaniah places the numbers 1, 2, and 3 in the circles below so that each circle contains
exactly one of 1, 2, and 3, and any two circles joined by a line do not contain the same number.
He then finds the sum of the numbers in the four circles on the far right. What sums could he
achieve?

Solution
We will first find the largest possible value for the sum.
First, we note that the four circles on the right cannot all contains 3s, since there
are two pairs of circles that are joined. In fact, we cannot have three 3s in those
circles, for that means two joined circles will both contain a 3. Therefore, we
could possibly have two 2s and two 3s, as shown below.

However, this would force the middle two circles to each contain a 1. Since these
circles are joined by a line, this is not possible. Therefore, the sum of the four
circles on the right cannot be 10.

However, we can fill in all the circles so that the sum of the four circles on the
right is 9.

Therefore the largest possible sum is 9.
We will now find the smallest possible sum.
We can use similar reasoning to show that the smallest possible sum is 7.
The four right circles cannot contain all 1s or three 1s. There could possibly be a
1 and 2 in the top two circles to the right and a 1 and a 2 in the bottom two
circles to the right. Then the sum of the four numbers to the right would be 6.
However, this would force the middle two circles to each contain a 3. Since these
circles are joined by a line, this is not possible. Therefore, the sum cannot be 6.
However, we can fill in all the circles so that the sum of the four circles on the
right is 7.

Therefore, the smallest possible sum is 7.
Finally, we can also fill in all the circles so that the sum of the four circles on the
right is 8.

Therefore, he could achieve a sum of 7, 8, or 9.

