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Euler Characteristic - Part 2

Last Friday we introduced the Euler Characteristic of a polyhedron in Part 1. Given a polyhedron,
we let V , E, and F denote the number of vertices, edges, and faces, respectively, of the polyhedron.

The Euler characteristic of a polyhedron, denoted χ, is defined to be the value of V −E+F .
It turns out that χ = 2 for every convex polyhedron.

The following are examples of convex polyhedra. We verified that each of these polyhedra have χ = 2
directly.

What makes a polyhedron convex?

A polyhedron is said to be convex if for any two points we choose on the polyhedron, the line
segment joining these two points is always on or inside polyhedron.

Looking at the images of the pyramid, the cube, and the octahedron, convince yourself that they are
indeed convex polyhedra.

Examples of Non-Convex Polyhedra

The following two figures show three-dimensional objects with polygons for their faces. These objects
are polyhedra by definition; however, they are not convex polyhedra. One way to form a non-convex
polyhedron is to include a “hole”. Notice that if you pick two points that are on opposite sides of
the hole, then at least some portion of the line segment joining the two points must lie outside of the
polyhedron.

Polyhedron 1 Polyhedron 2

Assume that the “bottom” of each of the polyhedra is identical to the “top”, and that the “back” is
identical to the “front”.

Example

Note that Polyhedron 1 has 4 “inner faces” and 12 “outer faces”. We can verify that Polyhedron 1
has V = 16, E = 32, and F = 16. Therefore, we can calculate that χ = V −E+F = 16−32+16 = 0.

Notice that χ = 0 for this polyhedron, rather than χ = 2 as we observed for the convex polyhedra.

Problem 1
Determine the value of χ for Polyhedron 2.

Solve this problem before moving on to the next page.



If you did the calculation correctly in Problem 1, you should have gotten an answer of χ = 0, again!
Is there something about these two polyhedra that make them have the same Euler characteristic,
similar to how all convex polyhedra have χ = 2?

It turns out that a polyhedron with “one hole” in its interior always has χ = 0. The number of holes
a polyhedron has will affect its value of χ. (Note that if a polyhedron has a hole, then it cannot be
convex, but there are non-convex polyhedra without holes. Try to visualize one and think about its
value of χ.)

Investigation: What happens when we take a polyhedron and “cut a hole”?

Consider the convex polyhedron shown below on the left. We obtain the non-convex polyhedron
shown below on the right by removing a vertical chunk of the convex polyhedron. (Notice that this
is Polyhedron 1 from the first page.) Doing so may change the number of vertices, edges, and/or
faces. Can we use this construction to help us understand why the Euler characteristic changes from
χold = 2 to χnew = 0 when a hole is introduced?

=⇒

Problem 2

Let Vold, Eold, Fold, and χold denote the vertices, edges, faces, and Euler characteristic for the
polyhedron on the left above, and Vnew, Enew, Fnew, and χnew denote these values for the poly-
hedron on the right above. Use the images above to determine the following values:

• Vnew − Vold • Enew − Eold • Fnew − Fold

Use this information to determine the relationship between χnew and χold.

To get started, explain why Vnew−Vold = 0. Next, do we “gain” or “lose” edges when we cut the hole?

Your work in Problem 2 should lead you to the fact that χnew = χold−2. This suggests that “adding a
hole” may reduce the value of χ by 2. This would mean that if we started with a convex polyhedron,
which has χold = 2, and cut a hole in the interior, then we will be left with a non-convex polyhedron
with χnew = χold− 2 = 2− 2 = 0. Of course, we already observed that χ = 0 for Polyhedron 1 in the
example on the first page.

What about polyhedra with more than one hole?

Problem 3

Consider the polyhedron shown to the right that has two holes.
What is the value of χ for this polyhedron?

Assume that the“bottom” of this polyhedron is identical to the “top”, and that the “back” is
identical to the “front”. If you imagine slicing this polyhedron down the centre, then you would
essentially get two copies of Polyhedron 1 from the first page.



It turns out that if you know the number of holes that a polyhedron has, then you can easily calculate
its Euler characteristic. In particular, if two polyhedra have the same number of holes, then they
will have the same value of χ, regardless of what they look like. Proving this fact is challenging, but
the formula for calculating χ based on the number of holes is simple!

We will make an attempt to outline the reasoning behind the fact above in the solutions for this
resource, but the math involved in a formal proof is beyond the scope of this activity. Assuming the
fact is true, try the following:

Extension: Suppose that a polyhedron has g holes, where g is a non-negative integer. Guess a
formula for χ in terms of g. Your formula should give an answer of 2 when g = 0 and 0 when g = 1,
and the value you calculated in Problem 3 when g = 2.

More Info: Check out the CEMC at Home webpage on Friday, June 5 for a solution to Part 2.

Further Discussion

The idea of “inflating” a polyhedron can be used to help us understand why the Euler characteristic
of a convex polyhedron is always 2, and understand the formula for the Euler characteristic of a
non-convex polyhedron with g holes.

For example, if we “inflate” the octahedron, then we obtain a sphere as shown below. We visualize
the vertices, edges, and faces of the octahedron on the spherical surface.

We call this result a polygonization of a sphere. Every convex polyhedron, when inflated, will produce
such a polygonization. What happens when we “inflate” polyhedra with a hole?

We can imagine “inflating” Polyhedron 1 and Polyhedron 2 from the first page in a similar way to
how we “inflated” the octahedron. The result is again a polygonization of a surface, but not of a
sphere; these “inflate” to become a polygonization of a torus, which is a surface shaped like a donut
as shown.

If you “inflated” the polyhedron with two holes from Problem 3, then you would get a tiling of a
different surface. What would it look like? Can you describe it? If you have been to a water park
that has inner tubes for more than one person, then you may already be familiar with the surface!

It turns out that every polyhedron that corresponds to a polygonization of a sphere (when “inflated”)
has Euler characteristic χ = 2, and every polyhedron that corresponds to a polygonization of a torus
(when “inflated”) has Euler characteristic χ = 0. There is a similar situation for g holes with g ≥ 2.


