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1 Class Problems

Problem 1.1. Erase From 1000:

(a) On a chalkboard are written the whole numbers 1, 2, 3, · · · , 1000. Two players play a
game: On each player’s turn, they must erase a number from the board. The game ends
when two numbers remain. The first player wins if the sum of the last two numbers is
a multiple of 3. Otherwise, the second player wins.

(b) What happens if the whole numbers from 1 to 1001 are written instead?

Problem 1.2. Two Piles: There are two piles of stones.

(a) One pile has n stones, and the other pile has m stones. (n and m are whole numbers.)
Two players play a game: On each player’s turn, they can take as many stones as they
want from a single pile. The player who takes the last stone wins.

(b) What if the player who takes the last stone loses instead?

Problem 1.3. One Digit: At the start of this game, the number 123 is written on a
whiteboard. On each player’s turn, they must select a non-zero digit of the number written
on the board, subtract this digit from the number written on the board, and write the new
number on the board. The player who writes the number 0 wins. What if we start with n
instead of 123?

Problem 1.4. 13 Pennies: Two players play a game: At the beginning of this game, there
are 13 pennies in a row with the heads face-up. On each player’s turn, they must turn over
either a single penny or two adjacent pennies. Pennies with the heads face-down may not
be turned back over. The player who cannot move loses.
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2 Problems to Ponder

Sitting on a Wall

Problem 2.1. What would the winning strategy be for 13 Pennies if we started with an
arbitrary amount of pennies?

Problem 2.2. There is a piece of graph paper with 5 rows and 10 columns of small squares.
Two players take turns cutting one of the pieces of graph paper into two pieces along a single
grid line. (Players do not discard any of the pieces of graph paper.) The player who cuts o↵
a single small square of graph paper wins.

Problem 2.3. On a chalkboard are written the whole numbers 1, 2, 3, · · · , 99. Two players
play a game: On each player’s turn, they must erase a number from the board. The game
ends when two numbers remain. The first player wins if the sum of the last two numbers is
a multiple of 4. Otherwise, the second player wins.

Problem 2.4. Two players take turns picking o↵ petals of a daisy that has

(a) 16 petals;

(b) 15 petals.

On each player’s turn, they can tear o↵ a single petal or two consecutive petals. (Two petals
are consecutive if no other petals separated them at the beginning of the game.) The player
who cannot move loses.

Taking a Great Fall

Problem 2.5. What would the winning strategy for Erase From 1000 be if we started with
the whole numbers 1, 2, 3, · · · , n?

Problem 2.6. Two players play a game on a regular 1000-gon. On each player’s turn, they
must draw one diagonal of the polygon so that it does not cross any of the diagonals that
have already been drawn. The first player that cannot move loses.

Problem 2.7. Two players take turns covering squares of a 10⇥ 10 chessboard with domi-
noes. Each domino covers two adjacent squares. The dominoes may not overlap. The first
player who cannot move loses. What if this game were played on an 11⇥ 10 chessboard?

Fun fact: The winning strategy is an open problem for a general m⇥ n chessboard!

Problem 2.8. This game begins with a strip of 20 squares.

(a) A checker is placed in each of the two leftmost squares. On each player’s turn, they
must move one checker to any of the free squares to the right of this checker, without
jumping over any checkers. The player who cannot move loses.
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(b) What if we started with a checker in each of the three leftmost squares instead?

Problem 2.9. One penny is placed on each square of a 7 ⇥ 13 board. Two players play a
game: On each player’s turn, they must select a single square with a penny, two adjacent
squares with pennies on both squares, or four squares arranged in a 2⇥2 shape with pennies
on all four squares. Then, they must remove the pennies from the squares they selected.
The player who removes the last penny wins.

Problem 2.10. A checker is placed on each square of an 11⇥11 checkerboard. Two players
play a game: On each player’s turn, they may remove any number of checkers which lie next
to each other along a single row or column (but must remove at least one checker). The
player to remove the last checker wins.

Problem 2.11. Two players take turns placing O’s and X’s into the squares of a 9⇥9 board.
The first player places X’s, and the second player places O’s. Once the board is filled, the
first player gets a point for every row or column that has more X’s than O’s, and the second
player gets a point for every row or column that has more O’s than X’s. The player with
the most points wins.

A Jigsaw Puzzle, But It’s an Egg

Problem 2.12. On an n⇥n board, a token is placed in one of the corners. Two players, in
turn, each move the token to an adjacent square (sharing an edge). It is forbidden for the
token to visit a square it has visited before. The player who cannot move loses.

Problem 2.13. This game begins with the number 102018 written on the blackboard. Two
players, in turn, can then make one of the following two moves: Replace an integer n on the
blackboard by integers m1,m2 greater than 1 such that n = m1m2, or erase one or both of
two equal integers on the blackboard. The player who cannot move loses.

Solutions to these problems will not be given. For hints or solutions to individual problems,

feel free to email the presenter at kris. siy@ uwaterloo. ca . Problem sources are also

available from the presenter by request.

3 Reading: A Piece of Mathematics

Please read this short excerpt before next week and think about the discussion questions at

the end.

“A mathematician, like a painter or a poet, is a maker of patterns. If his patterns are more
permanent than theirs, it is because they are made with ideas.” - G.H. Hardy

So mathematicians sit around making patterns of ideas. What sort of patterns? What sort
of ideas? Ideas about the rhinoceros? No, those we leave to the biologists. Ideas about
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language and culture? No, not usually. These things are all far too complicated for most
mathematicians’ taste. If there is anything like a unifying aesthetic principle in mathematics,
it is this: simple is beautiful. Mathematicians enjoy thinking about the simplest possible
things, and the simplest possible things are imaginary.

For example, if I’m in the mood to think about shapes - and I often am - I might imagine a
triangle inside a rectangular box:

I wonder how much of the box the triangle takes up? Two-thirds maybe? The important
thing to understand is that I’m not talking about this drawing of a triangle in a box. Nor am
I talking about some metal triangle forming part of a girder system for a bridge. There’s no
ulterior practical purpose here. I’m just playing. That’s what math is - wondering, playing,
amusing yourself with your imagination. For one thing, the question of how much of the box
the triangle takes up doesn’t even make any sense for real, physical objects. Even the most
carefully made physical triangle is still a hopelessly complicated collection of jiggling atoms;
it changes its size from one minute to the next. That is, unless you want to talk about some
sort of approximate measurements. Well, that’s where the aesthetic comes in. That’s just
not simple, and consequently it is an ugly question which depends on all sorts of real-world
details. Let’s leave that to the scientists. The mathematical question is about an imaginary
triangle inside an imaginary box. The edges are perfect because I want them to be - that
is the sort of object I prefer to think about. This is a major theme in mathematics: things
are what you want them to be. You have endless choices; there is no reality to get in your
way.

On the other hand, once you have made your choices (for example I might choose to make
my triangle symmetrical, or not) then your new creations do what they do, whether you like
it or not. This is the amazing thing about making imaginary patterns: they talk back! The
triangle takes up a certain amount of its box, and I don’t have any control over what that
amount is. There is a number out there, maybe it’s two-thirds, maybe it isn’t, but I don’t
get to say what it is. I have to find out what it is.

So we get to play and imagine whatever we want and make patterns and ask questions
about them. But how do we answer these questions? It’s not at all like science. There’s no
experiment I can do with test tubes and equipment and whatnot that will tell me the truth
about a figment of my imagination. The only way to get at the truth about our imaginations
is to use our imaginations, and that is hard work.

In the case of the triangle in its box, I do see something simple and pretty:
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If I chop the rectangle into two pieces like this, I can see that each piece is cut diagonally in
half by the sides of the triangle. So there is just as much space inside the triangle as outside.
That means that the triangle must take up exactly half the box!

This is what a piece of mathematics looks and feels like. That little narrative is an example of
the mathematician’s art: asking simple and elegant questions about our imaginary creations,
and crafting satisfying and beautiful explanations. There is really nothing else quite like this
realm of pure idea; it’s fascinating, it’s fun, and it’s free!

Now where did this idea of mine come from? How did I know to draw that line? How
does a painter know where to put his brush? Inspiration, experience, trial and error, dumb
luck. That’s the art of it, creating these beautiful little poems of thought, these sonnets of
pure reason. There is something so wonderfully transformational about this art form. The
relationship between the triangle and the rectangle was a mystery, and then that one little
line made it obvious. I couldn’t see, and then all of a sudden I could. Somehow, I was able
to create a profound simple beauty out of nothing, and change myself in the process. Isn’t
that what art is all about?

This is an excerpt from mathematician-turned-educator Paul Lockhart’s essay, “A Mathe-

matician’s Lament”. The full text of this essay is available at https: // www. maa. org/

external_ archive/ devlin/ LockhartsLament. pdf .

Discussion Questions:

1. Think about the experiences you’ve had as we’ve made discoveries about games in the
past few weeks. Does this look or feel like a piece of mathematics to you? Why or why
not? More broadly, what constitutes a mathematical experience for you? Would you
consider some of your experiences to be more or less mathematical than others, and
why?

2. You’ve probably met someone in your life who “hates math” - or at least, likes math a
lot less than you do. How have your encounters with mathematics di↵ered to lead to
such di↵erent opinions? If this person were in the room with us during these last few
sessions, what would they think of it?
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