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Senior Math Circles

Wednesday, April 5, 2017

Problem Set 6

1. How many perfect matchings are there in K4?
Solution: There are three perfect matchings in K4.

2. How many perfect matching are there in K6?
Solution: There are fifteen perfect matchings in K6.

3. How many perfect matchings are there in K19?
Solution: There are no perfect matchings in K19, as in order to have a perfect matching,
you need an even number of vertices.

4. Run the Gale-Shapley algorithm in the following graph to find a stable matching (prefer-
ence lists are next to the vertices).

Solution: Running the Gale-Shapley algorithm gives the following stable matching:
{1d, 2e, 3a, 4c, 5b}.

5. Find R(3, 2), the minimum number of vertices on a graph to ensure either a clique of size
3 or an independent set of size 2. Argue why your value is correct.
Solution: As we saw in the lecture, Ramsey numbers are symmetric; R(3, 2) = R(2, 3).
We will argue that R(3, 2) = 3 by attempting to construct the largest possible graph that
doesn’t contain a clique of size two or an independent set of size three. Recall, however,
that a clique of size two just corresponds to an edge – so we must construct the largest
graph possible that does not contain an edge, or an independent set of size three. This
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is clearly just the graph composed of two vertices and no edges; adding one more vertex
creates an independent set of size three. Therefore we have R(2, 3) = R(3, 2) = 3.

6. Construct a graph on five vertices that doesn’t have a clique of size 3 or an independent
set of size 3. (This is equivalent to showing R(3, 3) > 5.)
Solution: C5, the cycle on five vertices, is an example of such a graph.

7. Let Aa,b be a bipartite graph where one side of the bipartition has a vertices, and the other
side has b vertices (note this is not necessarily a complete bipartite graph). Argue why the
maximum matching is of size at most min(a, b).
Solution: Every edge in a bipartite graph goes from one side of the bipartition to the
other. This means that we can only match vertices from each side to vertices on the other
side. From this, it follows that once 2×min(a, b) vertices are matched, no other vertices
can be matched. Therefore the maximal sized matching is at most of size min(a, b).

8. How many perfect matchings are there in K8? Can you find an expression for the number
of perfect matchings in Kn? (Hint: go look at problems 1, 2 and 3 to see if you can find a
pattern.)

Solution: There are 7 × 5 × 3 × 1 perfect matchings in K8. Generally speaking, if n is
odd there are no perfect matchings in Kn; if n is even, there are (n− 1)× (n− 3)× (n−
5)× · · · × 3× 1 perfect matchings. This is the double factorial, (n− 1)!!.

9. Recall an Eulerian circuit is a closed walk that uses each edge only once (but can use
vertices multiple times). Find an Eulerian circuit on the graph below.
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Solution: The following circuit is eulerian: b-c-g-k-o-p-l-h-d-g-l-o-d-c-f-i-a-n-i-e-j-i-m-b-f-
m-n-j-f-e-a.

10. The following statement is false. Provide a counterexample to show why. “Let G be a
graph that has an Eulerian circuit, and let e and f be edges that are incident to a common
vertex in G. G has an eulerian circuit in which edge e is immediately followed by edge f .”
Solution: A counterexample can be constructed as follows. Let G be the graph obtained
by gluing together two copies of K3 at a single vertex, v. Let x be a vertex in one of the
three-cycles, and y be a vertex in the other.
v has degree four, and all other vertices have degree 2. Since all vertices have even degree,
we know there is an Eulerian circuit.
Call e the edge xv, and call f the edge yv.
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