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Take-Away Games

Last Wednesday, you looked at take-away games with two players, A and B. In most of these games,
the two players must follow the same rules, and both players have a set of allowed moves. The first player
who faces a configuration from which there are no allowed moves loses. The general idea in analyzing such
games is to partition the set of all game configurations into winning and losing positions. Let P be the set
of all positions/configurations that one could ever reach in a game. Then we will try to find a partition of P
into losing positions L and winning positionsW; i.e.,

P = L ∪W and L ∩W = ∅.

To have a winning strategy, a player must be able to force the other player into a losing position, in every
one of her turns. An idea that is often helpful, is the following pairing trick.

[Pairing] Partition the set of all positions P into pairs (p1, p2), (p3, p4), . . . , (pk−1, pk) such that
there is a legal move from pi to pi+1 for all pairs (pi, pi+1). Whenever the opponent occupies
pi, you will play pi+1. Since the elements of the pairs partition P , your opponent will run out
of moves first.

Here are some example games for this strategy.

[G1] Bachet’s Game. We have n checkers, and the legal moves are M = {1, 2, . . . , k} for some 1 ≤ k < n.
The winner is the player who takes the last checker.

Let n be the number of checkers remaining. The positions m = 1, . . . , k are winning positions,
since the player can remove n checkers.
The position n = k + 1 is a losing position, since the player can remove at most k checkers, leaving
the next player with a number of checkers between 1 and k, which is a winning position.
The positions n = k+2, . . . , 2k+1 are winning positions since the player can remove enough check-
ers to leave the next player with k + 1 checkers.
In general, any position with a multiple k + 1 checkers is a losing position.

[G2] A variant of the above game: we have a row of n + 1 cells with a checker in cell n. In each move, a
player may move the checker i cells to the left, where i ∈M = {1, 3, 8} The winner is the last player
that has a legal move.
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What are the winning and losing positions in this game?

n Losing or Winning?
0 L
1 W, move 1
2 L, must move 1
3 W, move 3
4 L, must move 1 or 3
5 W, move 1
6 L, must move 1 or 3
7 W, move 1
8 W, move 8
9 W, move 3
10 W, move 8
11 L, must move 1, 3 or 8
12 W, move 1

Claim: L = {11i + j : i = 0, 1, . . . , j ∈ {0, 2, 4, 6}}

Proof: We see that this is true when i = 0.
Assume it is true for i = k.

Consider positions 11(k + 1), . . . , 11(k + 1) + 10.
11(k + 1) is a losing position since you can only get to 11k + 10, 11k + 8 or 11k + 3.
11(k + 1) + 1 is a winning position since you can get to 11(k + 1).
11(k + 1) + 2 is a losing position since you can only get to 11(k + 1) + 1, 11k + 10 or 11k + 5.
11(k + 1) + 3 is a winning position since you can get to 11(k + 1) + 2.
11(k + 1) + 4 is a losing position since you can only get to 11(k + 1) + 3, 11(k + 1) + 1 or 11k + 7.
11(k + 1) + 5 is a winning position since you can get to 11(k + 1) + 4.
11(k + 1) + 6 is a losing position since you can only get to 11(k + 1) + 5, 11(k + 1) + 3 or 11k + 9.
11(k + 1) + 7 is a winning position since you can get to 11(k + 1) + 6.
11(k + 1) + 8 is a winning position since you can get to 11(k + 1).
11(k + 1) + 9 is a winning position since you can get to 11(k + 1) + 6.
11(k + 1) + 10 is a winning position since you can get to 11(k + 1) + 2.
Therefore if it is true for i = k, it is also true for i = k + 1.

By induction, it is true for i = 0, 1, . . ..

[G3] In this game, let us suppose that we have an 8 × 8 chess board. Players B and W alternately place
black and white knights on the board. Each player needs to put her knight in to unoccupied positions
that are not threatened by any knight of the other colour. Who wins?
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The second player has a winning strategy. They mirror the move of the first player by reflecting
the knight placement through line M1 and then line M2 (three examples of this mirroring are shown
on the diagram below). At any point after the second player has taken their turn, the chessboard will
be perfectly symmetric. Therefore, if the first player can place a piece in a non-threatened square, the
second player will also be able to place a piece in a non-threatened square, and so the first player will
always run out of moves first.

M1

M2

[G4] Double Chess. We will change the rules of Chess as follows. In each turn, any of the two players
White and Black can make two instead of the usual one move. White moves first. Can White lose this
game?

Claim: White can at least force a tie.

Proof: Assume Black has a winning strategy. Then White could play the following opening move:
knight out and back in. Now the board looks untouched and Black is in the exact same situation that
White was in. If Black has a winning strategy, so does White, a contradiction. Therefore Black cannot
possibly have a winning strategy.

Nim & Nim Sums

One of the games you studied in the previous lecture were Nim. We restate it here for completeness.

[G5] In the game of Nim, we have k > 0 stacks of chips; initially, stack i has ni chips. Players A and
B alternately choose a stack, and remove any positive number of chips from it. The first player who
cannot move at her turn loses.

We will now present a very elegant analysis of this game via Nim sums. We need some definitions before
we start. A basic fact that we will use is that every integer n can be written as the sum of powers of 2 in a
unique way; this is called the binary representation of n. Formally, we write n = (ndnd−1 . . . n0)2 where
ni ∈ {0, 1} for all i, if

n = 2dnd + 2d−1nd−1 + . . . + 2n1 + n0.
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For example,
21 = (10101)2 = 24 + 22 + 20.

The Nim sum z of k numbers n1, . . . , nk is now defined as the sum of their binary representations modulo
2, and we denote it by

z = n1 ⊕ n2 ⊕ . . .⊕ nk.

Let (ni
d . . . ni

0)2 be the binary representation of the ith number above, and let (zdzd−1 . . . z0)2 be that of z.
Then

zi = n1
i + n2

i + . . . + nk
i mod 2,

for 1 ≤ i ≤ d. Let’s look at an example. The Nim sum of integers 13, 12, and 8 is given by

13 = (1101)2

⊕ 12 = (1100)2

⊕ 8 = (1000)2

= 9 = (1001)2

Have a look at the ith column on the right-hand side of the system above. The binary representation of the
Nim sum has a 0 in the ith position if there are an even number of 1’s in the ith column above the separator
line; otherwise the entry is a 1. Let’s do some more examples before we continue.

[Ex1] What is the Nim sum of 22 and 51?

22 = (10110)2

⊕ 51 = (110011)2

= 37 = (100101)2

[Ex2] How about that of 4, 12 and 8?

4 = (100)2

⊕ 12 = (1100)2

⊕ 8 = (1000)2

= 0 = (0000)2

What is the connection to Nim? Well, let us consider Nim with three piles; i.e., k = 3. As we have seen
this game last time, we know what the winning and losing positions are. We will use (n1, n2, n3) for a game
position in which pile i has ni chips. When is a position a winning position, and when is it a losing position?
Let’s do some examples.

• Clearly, (0, 0, 0) is a losing position, as the current player has no valid move.

• How about (0, 1, 1), and what happens in (0, 2, 1)?

• Finally, who is the winner in (0, p + 1, p) for some integer p?
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[Ex3] Compute the Nim sums for each of the situations in the examples above. Do you see a pattern?

0⊕ 0⊕ 0 = (0)2 ⊕ (0)2 ⊕ (0)2 = 0
0⊕ 1⊕ 1 = (0)2 ⊕ (1)2 ⊕ (1)2 = 0
0⊕ 2⊕ 1 = (0)2 ⊕ (10)2 ⊕ (1)2 = (11)2 = 3
0⊕ (p + 1)⊕ p 6= 0

The following theorem provides a nice analysis of the entire game.

Theorem 1 (Bouton, 1902). A Nim position (n1, . . . , nk) is a losing position if and only if n1⊕ . . .⊕nk = 0.

The theorem immediately tells us that the game situation p = (13, 12, 8) is a winning position. But what
should a clever player do in this situation? Well, we would like to move to a losing position p′ if possible.
Bouton’s theorem above says that it suffices to move to a position p′ whose Nim sum is 0.

[Ex4] Can you think of a winning move in (13, 12, 8)? Is it unique or are there more than one?

13 = (1101)2

⊕ 12 = (1100)2

⊕ 8 = (1000)2

= 9 = (1001)2

Three possible solutions are to remove 9 from the pile of 13, to remove 7 from the pile of 12 or to
remove 7 from the pile of 8. All three of these solutions give a Nim-Sum of zero.

[Ex5] Is (27, 25, 9) a winning position? If so, what is a winning move from here?

27 = (11011)2

⊕ 25 = (11001)2

⊕ 9 = (1001)2

= 11 = (01011)2

The Nim-Sum is not zero, so it is a winning position. Three possible winning moves are to remove
11 from the pile of 27, to remove 7 from the pile of 25 or to remove 7 from the pile of 9.

In fact it turns out that, if p = (n1, . . . , nk) is a position with Nim sum different from 0, then there is always
a move p→ p′ such that p′ has Nim sum 0.

Claim 1. Let p = (n1, . . . , nk) be a Nim position whose Nim sum is different from 0. Then there is a position
p′ reachable from p with Nim sum 0.

The previous claim is the centre piece of the proof of Bouton’s theorem.
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Problem Set

[P1] Consider Bachet’s game [G1] where the set of legal moves M consists of the powers of 2; i.e., M =
{1, 2, 4, 8, . . .}. Who wins? How about the case where M is the set {1, 2, 3, 5, 7, 11, . . .} (1 and all
primes)?

[P2] Wythoff’s Game. There are two piles of checkers on the table. Player A takes any number of checkers
from one pile, or the same numbers of checkers from each of the two piles. The B does the same.
The winner is the one to take the last chip. Positions are pairs [xi, yi] of non-negative integers where
xi ≤ yi.

(a) Does the first player have a winning strategy starting from [6, 10]?

(b) How about from [9, 10]?

(c) If you order the losing positions by their first coordinate, you obtain:

[0, 0], [1, 2], [3, 5], [4, 7], [6, 10], [8, 13], [9, 15], . . .

Do you see a pattern? Can you explain it?

[P3] Players A and B alternately put white and black bishops on the squares of an 8× 8 chess board. Each
player needs to choose a position that is unoccupied, and unthreatened by an opponent’s bishop. The
first player who cannot place a bishop loses. Who wins?

[P4] This is a one-person game. There are L boxes where box i ∈ B = {1, . . . , L} initially contains
precisely i chips. In each move, you may pick an arbitrary subset S of B, and a number j; you then
remove j chips from each of the boxes in S.

(a) Consider the case where k = 7. How many moves do you need to empty all the boxes?

(b) How many moves are needed for k = 2010?

[P5] A king is placed at the upper left corner of an m × n chess board. Players A and B move the king
alternately, but the king may not be moved to a square occupied earlier. The loser is the first player
who cannot move.

(a) Consider the case where m = n = 3. Who wins?

(b) How about m = 3 and n = 4?

(c) Can you give a general argument?

[P6] (a) What is the Nim sum of 27 and 17? (b) The Nim sum of 38 and x is 25. What is x?

[P7] Find all the winning moves in the game of Nim,

(a) with three piles of 12, 19, and 27 chips.

(b) with four piles of 13, 17 , 19, and 23 chips.
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[P8] Nimble. Nimble is played on a game board consisting of a line of squares labelled 0, 1, 2, 3, . . . A
finite number of coins is placed on the squares with possibly more than one coin on any single square.
A move consists of taking one of the coins and moving it to any square on its left, possibly moving
it over some other coins, and possibly moving it onto a square that already has a coin. The players
alternate, and the game ends when all coins are on square 0. The last player who moves wins.

In the following position with 6 coins, who wins, the current player, or the next? If the current player
wins, what is her winning move?

0 1 2 3 4 5 6 7 8 9 10 11 12 13

[P9] Even Nim Positions. Suppose that we are playing Nim with an even number k = 2q of piles. You are
facing a position p = (p0, . . . , pk−1) where p2i = p2i+1 for all i = 0, . . . , q − 1. Can you win this
game?

[P10] Turning Turtles. A horizontal line of n coins is laid out randomly, with some coins showing heads,
and some tails. A move consists of turning over one of the coins from heads to tails, and in addition, if
desired, turning over one other coin to the left of it (from heads to tails, or tails to heads). For example
consider the following sequence of n = 13 coins:

1 2 3 4 5 6 7 8 9 10 11 12 13
T H T T H T T T H H T H T

One possible move in this position is to turn the coin in position 9 from heads to tails, and also the
coin in place 4 from tails to heads. The winner is the last player to move.

(a) Show that this game is just Nim in disguise if an H in place n is taken to represent a pile with n
chips. Hint: [P8] is useful here!

(b) Find a winning move in the above position.

[P11] Northcott’s Game. Consider the following 2× 7 checker board.

Each row contains a white and a black checker. There are two players W and B that move alternately.
W moves only the white checkers, and B moves only the black checkers. In each move, a player must
move one of its checkers. A checker may move any number of squares to the left or right in its row.
Checkers are not allowed to jump over opponent’s checkers. The first player that cannot move loses.

(a) How does this game compare to Nim?

(b) Who wins in the situation depicted above?


