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g ) Problem of the Week

Igééé Problem E and Solution

946 It’s the Ones that We Want
Problem

The sum of the first n positive integers is 1 +2+ 3+ -+ n.
We define a,, to be the ones digit of the sum of the first n positive integers.

For example,

1=1 and a; =1,

1+2=3 and ay; = 3,
1+42+3=6 and asz =6,
1+24+3+4=10 and a4 =0,
1+42+3+4+5=15 and a; = 5.

Thl,lS, CL1+CL2+CL3+CL4+(I5:1+3+6+0+5: 15.
Determine the smallest value of n such that ay + as + as + - - - + a,, > 2024.

Solution

Let’s start by examining the values of a,, until we start to see a pattern.
We know a; =1, ay = 3, az3 = 6, ay = 0, and a5 = 5.

Unfortunately, we do not have a pattern yet. We need to keep calculating values of a,,. Since
15+6=21,a¢ = 1.

Notice that we can determine the ones digit of the sum of the first n integers from the ones
digit from the sum of the first n — 1 integers and the ones digit of n. For example, to calculate
a7, we simply need to know that ag = 1 and the sum 1+ 7 = 8 has ones digit 8. So a; = 8.
Thus, continuing on, we know

ag = 6, since a7 +8 = 16
ag = b, since ag +9 = 15
ajp =9, since ag +0=1>5
a1 =6, since a;gp+1=06
a1p = 8, since a1 +2 =28
a1z = 1, since a1 +3 =11
a4 = H, since a13+4 =25
a5 = 0, since a4 +5 =10
ag = 6, since a;5 +6 =06
ay; = 3, since a1+ 7 =13
a1z = 1, since a7 +8 =11
a9 = 0, since a;g+9 =10
aso = 0, since a19+0=0
as =1, since agy +1 =1
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The values of a,, should repeat now. Can you see why?

Since as; = a; and the ones digit of 22 equals the ones digit of 2, asy = ao.
Similarly, since ass = as and the ones digit of 23 equals the ones digit of 3, as3 = as.
We will also have asy = a4, and so on.

Therefore, the values of a,, will repeat every 20 values of n.

We can calculate

a1+ ag +az + a4 + as + ag + ay + ag + ag + aig + a11 + @12 + a13 + @14 + a15 + Q16 + a17 + a18 + @19 + Ao
=1+3+6+0+5+14+84+6+5+5+6+8+1+54+0+6+3+1+0+0
=70

Since the values of a, repeat every 20 values of n, it is also true that
a21+a22+a23+---+a39+a40:70, and a41+a42+a43+---+a59+a60:70, and so on.
2024 32

0 = 28£, there are 28 complete cycles of the 20 repeating values of a,.
Therefore, the sum of the first 28 x 20 = 560 values of a,, sum to 28 x 70 = 1960.

In other words, a; + as + ag + - - - 4+ ass9 + asgo = 1960.

Since

Let’s keep adding values of a,, until we reach 2024.

as61 + G562 + G563 1 Ase4 + As65 + G566 + G567 1 Ases + Ase9 + G570
=ay1+ax+ a3+ ag+as+ ag + ay + ag + ag + ayo
=14+34+64+0+5+1+8+6+5+5
=40

Therefore, a1 + as + az + - - - + asgo + as70 = 1960 + 40 = 2000.

We also know that Qs71 = Q11 = 6 , 72 = A1 = 8, as73 = A13 = 1 , As74 = Q14 = 5, and
asrs = a15 = 0.

Thus,

a1+ ags +ag+ - -+ aseg + as70 + as71 + Asr2 + As73 + as74 + az7s = 20006 +84+14+5+0
= 2020 < 2024

and

ay + ag + as + - -+ + aseg + as70 + as71 + asr2 + asrz + as7a + asys + asze = 2020 + 6
= 2026 > 2024

Therefore, the smallest value of n such that a; +as +as + -+ 4+ a,, > 2024 is n = 576.



