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Complex Numbers

Solutions
“Try it yourself” problems:
1. (20)? = —4
2. (—2i)% = —4
3. T =51 or —di
4. (14i)+(2i) =14+3i
5. (104 7i) — (6 +3i) =4+ 4i
6. (1+14)x (2)=2(1)%+2i = -2 +2i

7. (10 4 7i) x (6 + 3i) = (10 x 6) + (7i x 3i) + (6 x 7i) + (10 x 3i)
= 60 + 21(3)* + 42i + 304
= 60 — 21 + 427 + 30i

=39+ 721
8. (44 3i) x (4—3i) = (4 x 4) + (3i x (=30)) + (4 x (=31)) + (4 x 34)
=16 —9(i)* — 12 + 12i
=164+9=25
9. (a4 bi) x (a —bi) = (a x a) + (bi x (=bi)) + (a x (=bi)) + (a x bi)
= a® — b*(i)* — abi + abi
— a2 + b2

10.

—~

1+i)=1—i



11. (10 + 72) x (64 3i) = (10 X 6) + (74 x 3i) + (10 x 30) + (6 X 7i)
— 60 + 21(4)% + 30i + 42i
— 60 — 21 + 307 + 42

=39+721 =39 -7

12. 1+i=1—1

13. (104 74) x (6 + 3d) = (10 — 74) x (6 — 3d)
= (10 x 6) + ((—74) x (—37)) + (10 x (—=37)) + (6 x (=77))
=60+ 21(4)* — 307 — 42i
=60 — 21 — 307 — 424

=39 -T2

2+i

14.

1

2+1

1
2+1

7 —1

X

S

—1

_ @x (=) + ([ x(=2))

~T+3i

15.

(i x (—1))
=20+ (—(i%)
—(i2)
1—-2i
1

=1-2

—7+3t 4+50

4+ 51

C((=7) x4) + (3i x (—=5i)) + (30 x 4) + ((—=7) x (—53))

1451 3115
(=7 + 3i) x (4 — 5i)
(4 + 5i) x (4 — 51)

(4 x4) 4 (59 x (=5i)) + (4 x 5i) + (4 x (=51))

=28 —15(i)* + 12i + 35i

16 — 25(i2) + 20i — 20i
—28 + 15 + 47

16 + 25
47




A
A+ 4 Im

2-3j

- The modulus of a complex number represents the length of the line segment from the

origin to the point that number represents.

16. |—1—|—4i]:\/( 1+ 4i) x m
= /(- 1+4@)>< 47)
= V(1) x (-1)) + (4Z><( 4i)) + ((=1) x (—4i)) + ((—1) x 4i)
:\/1—162 +4i — 4i
= V1416 =17~ 4.12

7. 2—8i = /(2 - 3i) x 2= 30)
\/(2—32 2+3z)
= /(2 % 2) + ((=34) x 3i) + (2 x 3d) + (2 x (—31))

:\/4—92 + 6i — 6i
=V4+9=V13~361

End of lesson problems:

1. (&) 14+i—3i=1-2¢

(b) 5—-2))+2+14)=5+2—-2i+i=T7—1

(¢) =2(7—8i)+3(3+2i) =—144+16i + 9+ 6i = —5 + 22i

(d) 2—i)+32+7)—2(1+3) =2 —i+6+3i —2—6i=6—4i
)

(e) (6—8i)+2(2+5i) = (6 —8i) +2(2 — 5i) = 6 — 8 + 4 — 10i = 10 — 18;



(f) A(B+2i)—5(1—4)+6(—3+14) =12+ 8i —5(1+i) + 6(—3 — i)
=12+8i —5— 5i — 18 — 6i
= 11— 3

(a) (3+1) x 2= (3x2i)+ (ix2)=6i+2(1)> = —2+6i

(b) (=5 +3i) x (14 2i) = ((=5) x 1) + (3i x 2¢) + ((—5) x 2i) + (1 x 30)
= —5+6(i)* — 10i + 3

~5—6—10i +3i=—11—Ti

(¢) 4(2—36) x 2(1 — 4d) = (8 — 12i) x (2 — &)
— (8 X 2) + ((—12i) x (—8i)) 4 (8 x (—8i)) + (2 x (—12i))
=16 + 96(i)* — 64i — 24i
=16 — 96 — 64 — 24i
= —80 — 88i

(d) (=1 +23) x 2(5+ 2i) x 3(1 + 6i) = (=1 + 24) x (10 + 44) x (3 + 18i)
(—10) + (2 x 44) + (—4i) + (10 x 27)) x (3 + 18i)

(=
(
(—10 + 8(i) — 4i + 20) x (3 + 18i)
(=
(

18 + 164) x (3 + 18i)
(—18) x 3) + (16 x 18i) + ((—18) x 184) + (167 x 3)
= —54 + 288(i)* — 3247 + 48i
= —342 — 2763

(e) (=3 — 40) x 4(—3 1+ 1)

(—3 —44) x 4(—=3 —1)
(=3 —4i) x (—12 — 4i)

=((=3)% (=12))+((=49) x (—40))+((~3) % (=40)) +((=12) x (47))
=36 + 16(:)* + 12i + 48i

=36 — 16 4 12i + 48i = 20 + 60i



(f) 2(4+i)x =300 —1i) x (=1 —4) = (84 2i) x —3(9+1) X (=1 +1)

= (
= (84 2i) x (=27 — 3i) x (=1 +1)
=((8%(=27))+(2ix (—31))+(8x (—37))+((—27) x27)) x (—141)
216 — 6(i)% — 24i — 544) x (—1 +1)

210 — 78i) x (=1 +1)

(_
<_
=((—210)x (—=1))+((=788) x4)+((—210) xi)+((—1) x (—78i))

= 210 — 78()* — 210i + 78i

— 288 — 132
(a) (2+3z‘)+z:2+_32xi:(zf‘wx(_l)
i i i x (—1)
C3(i)2 -2 32
() 1
—3-2i
—4i T+9 3—-4i 1-9i
(B)  (3-di)s (10— 2, LE S-d :

T1h9 Tr9i 149 1-9i
(B3x 1)+ ((—4i) x (=9i)) + (3 x (=97)) + (1 x (—44))
(Ix 1)+ (9 x (—99) + (1 x %) + (1 x (—9))
| 3436(1)% — 27i — 4i
1 —81(i)2 4+ 97 — 9
3-36-31i 33 31
- 82 82 82

—(-7) _—(-7) (12+6i)
12460 124+6i ~ (12+ 6i)
(=14 7)) x (12 — 60)
(12 +6i) x (12 — 64)
(=) x 12) + (Ti x (=60)) + ((—1) x (—61)) + (12 x T4)
(12 x 12) + (6@ x (—67)) + (12 x 6i) + (12 x (—61))
—12 — 42(i)? + 6i + 84i
T 144 — 36(i)2 + 720 — 72i
30+90i 30 90 . 1 1

144+36 180 "180' "6 2"

(©) (1 —7i) = 3(4 + 2i) =




(d) ((2 = 2i) = (5 + 5i)) = 6(2 — 3i) = (g;; X %) < (12 — 18i)
()

(2X5) - ((=28) X (—=5)+(2X (—51)+(5x (=21)) . -
T BX5)F(Bix(—51))+(5XBI)+(5X(—51)) +(12-184)

10+ 10(i)® — 10i — 10i

. (12 — 18i
25 — 25(i)2 ( 2
20i 2
=18y =
50 * 8) = 52 =180
2 60 — 90

60 —90i "« 60— 90i
2i x (60 4 901)
(60 — 907) x (60 + 907)
1204 + 180(3)?

(60 x 60) + (90i x (—90i)) + (60 x 90i) + (60 x (—90i))
—180+120i  —180 + 120i

~ 3600 + 8100 11700

1-2  1-2 1-2 8—6i
(¢) 1—2i)+2(4+31) = = = —
(1= 20+ 204+ 30) = o5 =576 ~5-6i 56
_1-2 846
8 —6i  8+6i

(1 x 8) 4+ ((—2i) x 6i) + (1 x 6i) + ((—2i) x 8)
(8 x 8) + ((—61) x 6i) + (8 x 6i) + (8 x (—6i))
8 —12(i)* 4 6i — 161
64— 36(i)2 + 48i — 48i
. 20-10i 1 1,

=—-——i

100 5 10



(1) (5(1+30) +22=30) ) + —6(1 — 40) =

o+ 151

— 61
5+ 151 4+61

X m— | = (—6 — 24i

(4+6i 4+6z’> ( 0
15¢) x (4 — 6

_ (5 + 5.z)><( 6,Z)+(—6—24i)
(44 6i) x (4 — 61)

_ (5X4)+(15ix (—60))+(5x (—6i))+(4x 15) . .
- (4><4)+(6Z><(—62))+(4><6i)-:(4><(—6i))1 +(—6-24i)

+ (—6 + 247)

20— 90(i) — 30i + 60i _

- - (—6 — 24i
16 36(1)2 + 24i — 247 2
110 + 30¢ 110 + 30i

S S V7 P i i

52 ( ) = 526 = 24)
110 +30i  —312 — 1248

T312 — 12481 =312 — 1248i
(1104 304) x (—312 + 12484)
(=312 — 1248i) x (—312 + 1248i)

_ (110x(—312))+ (304 x 12484)+ (110X 1248i)+((—312) X 304)
T ((—312) X (—312))+(1248i x (— 12484) )+ ((—312) X (— 12481) )+ ((—312) x 124847)

o —34320 + 37440(i)* + 1372807 — 9360:
97344 — 1557504(4)2 + 3893760 — 3893761
~ —71760 + 1279201 17940 31980 .

1654743 = T I13637 T 413687
Am
(f)
2+3i

2+2i /

/
) g\ Re
“©@ I/IN\
N\
-1-3i
34
 J

4.

2 + 3i| = \/(2+3i) x (24 3i) = /(2 +3i) x (2 — 3i)
= /(2 x2) + (3i x (=3i)) + (2 x 30) + (2 x (—31))
= \/4—9(i)2 + 6i — 6i
=V4+9 =13~ 3.606




(b) |3—4i]:\/(3—4z')><(3—4z‘):\/(3—4i)><(3+4z')
= /(3 x 3) + ((—4i) x 4i) + (3 x (—4i)) + (3 x 41)
= /9 —16(i) + 12i — 12i

=VO+16=V25=5
(c) ]—1—32’]:\/(—1—3i)><(—1—3i):\/(—1—3i)><(—1+3i)
= V(- —1)) + ((—=3i) x 3i) + ((—=1) x 31) + ((—1) x (=3d))
—\/1— 2 4 3i — 3

=v1+9=+v10~3.162

(d) | —2+2i= \/(—2+2i) X (=2 +2i) = /(=24 2i) x (-2 — 2)
= V((=2) x (=2)) + (2i x (=20)) + ((=2) x (=20)) + ((=2) x 21)
= /4 —4(0)2 + 4i — 4
=V4+4=1+8~2828

(e) 12(1 —2i) — (4 =30)| =[(2—4i) + (—4+30)| = | — 2 — 1
:\/ (2= =(—2—) % (—2+1)
= \/ i x (1)) + ((=2) x4) + ((=2) x (=7))
= 24 24— 24
:\/— Vb~ 2.236
(f) (14 30) x (2—4)] = (1 x2) + (31 x (—1)) + (1 x (—=1)) + (2 x 37)]

=12 — 3(i)* — i + 6i| = |5 + 5i|

—\/5+52 (5+5i) = /(5 + 5i) x (5 — 5i)
= /(5 x 5) 4 (5i x (=5i)) + (5 x 5i) + (5 x (—5i))
= /25 — 25(i)2 + 25i — 25i

= /25 + 25 = V50 ~ 7.071




6.

“LHS” is short for left hand side and “RHS” is short for right hand side.

(a) Proof:

Let z = a + bi and w = ¢+ di where a, b, ¢, and d are all real numbers. Then,

LHS =z +w = (a + bi) + (¢ + di)
=(ato)+ (b+dy
=(a+c)—(b+d)i

Hence LHS = RHS so the statement is true.
(b) Proof:

RHS =z +w = (a + bi) + (¢ + di)

(a —bi) + (c — di)
(a+c)— (b+d)i

Again, let 2 = a + bi and w = ¢ + di where a,b,c, and d are all real numbers.

Then,

LHS =z X w = (a+ bi) x (c+ di) RHS =% x
= (ac — bd) + (ad + bc)i
= (ac — bd) — (ad + be)i

Hence LHS = RHS so the statement is true.

(c) Proof:

w

(a+ bi) x (c+ di)

= (a—bi) x (c— di)
= (ac — bd) — (ad + be)i

]

Again, let z = a+bi and w = c+di where a, b, ¢, and d are all real numbers where

c and d are nonzero. Then,

LHS =z +w = (a + bi) + (c + di) RHS =z

_(a—i—bixc—di)
c+di c—di
ac+bd bc—ad.
02+d2+02—|—d22
ac+bd bc—ad.
2+d&  E+d

Hence LHS = RHS so the statement is true.

.

(a+bi) = (c+di)
(a —bi) =+ (¢ — di)
a—bi " c+di

c—di c+di

ac+bd+ad—bci
cA+d? 24d?
ac+bd_bc—ad.
2+ A+

]



7. (a) Herea =1,b= 0, and ¢ = —1. Using the quadratic formula, z = —O£VOF AWED _

2(1)
+1 or —1.

(b) Herea = 1,b = 2, and ¢ = 1. Using the quadratic formula, x = —@* é?ij_mm) =

—2+yI-4 _ 4
5 .

(c) Herea = 2,b = —6, and ¢ = —8. Using the quadratic formula, x = —EOEVCOTHARES

2(2)
6:£/36+64 _ 6+10 _ _
) =>-=4or —-L

—(0)£+4/(02—4(1)(1)
2(1) o

(d) Herea =1,b =0, and ¢ = 1. Using the quadratic formula, x =
# = +1 or —1.

(e) Herea =1,b= —1, and ¢ = 4. Using the quadratic formula, x = —C 2(8)274(1)(4) =

(f) Herea = 3,b = 2, and ¢ = —8. Using the quadratic formula, z = —2=V @FAG)(E) _

2(3)
—2+£v4-96 _ 1 V92 - 1 V92
—— = —3t- g lor—z— 1

10



