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Senior Math Circles

Wednesday, March 1, 2017

Geometry I

1 Affine Planes

Definition: An affine plane is the data (P ,L), where P is a nonempty set of elements called
points and L is a nonempty collection of subsets of P called lines that satisfy the following
properties:

A1 Given two distinct points P and Q, there exists a unique line l such that P ∈ l and Q ∈ l.
We will denote this line by lPQ.

A2 If P is a point not contained in the line l, then exists a unique line m, such that P ∈ m
and m∩ l = ∅. In this case we say that l and m are parallel lines and we denoted by m‖l.

A3 There exists three distinct points P,R,Q such that they are not collinear, i.e. R /∈ lPQ.

NOTE: We say that a line l is parallel to itself (l ‖ l).

EXAMPLES:

• The real coordinate plane.

P = {(a, b) ∈ R2}
L = {usual lines in the plane}

• The rational affine plane.

P = {(a, b) ∈ Q2}
L = {usual lines in the rational plane}

• What is the smallest affine plane? Use the axioms to find the least number of points needed
to construct a pair of sets (P ,L) satisfying A1, A2 and A3.
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• The plane with nine points. You can construct it again by using the axioms. This plane
consists on

P = {1, 2, 3, 4, 5, 6, 7, 8, 9}
L = {{1, 2, 3}, {4, 5, 6}, {7, 8, 9}, {1, 4, 7}, {2, 5, 8}, {3, 6, 9},

{7, 2, 6}, {4, 8, 3}, {1, 5, 9}, {1, 8, 6}, {4, 2, 9}, {3, 5, 7}}
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Theorem: Any two lines in an affine plane have the same number of points.

Proof: Let l,m ∈ L, l 6= m. We want to show that they have the same number of points.

Case I: l ∩m 6= ∅. Then l ∩m = P for some point P . If l = {P}, Since m 6= l, then exists
Q ∈ m, Q 6= P . By A3, there is another point R, such that P,Q,R are not collinear. Since
R /∈ m, A2 tells us that exists a unique line n such that R ∈ n, n‖m, but then P /∈ n, P ∈ l,
P ∈ m, l‖n, m‖n and l 6= m, contradicts uniqueness of A2. Thus we should have that l has at
least two points. Using the same argument we know that m has at least two points. Say, A ∈ l,
A′ ∈ m. Now, for every point B ∈ l such that B 6= A, construct the line k, such that B ∈ k,
k‖lAA′ . Notice that k is not parallel to m (If k‖m, A′ ∈ m,A′ ∈ lAA′ and m‖k, lAA′‖k which
contradicts uniqueness in A2). Hence k ∩m 6= ∅. Say k ∩m = B′. Thus, for every point B ∈ l,
B 6= A, there is a unique point B′ ∈ m. Now, if we do the same argument but interchanging l
with m, we see that for every point B′ ∈ m there is a unique correspondent point B ∈ l.
Case II: l ∩m = ∅. let P ∈ l, Q ∈ m. Consider the line lPQ. Then, apply case I for l and lPQ,
then, these two have the same number of points. If we apply case I to the lines m and lPQ we get
that m and lPQ have the same number of points. Hence, l and m have the same number of points.

Definition: We say that an affine plane has order n if all the lines in the plane have n points.

Definition: A pencil of parallel lines is a set consisting of a line, together with all the lines
parallel to it.
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Proposition: The relation ” ‖ ” is an equivalence relation.

Theorem: Let (P ,L) be an affine plane of order n. Then,

(i) P has exactly n2 points.

(ii) Each point lies on n + 1 lines.

(iii) Each pencil contains n lines.

(iv) The total number of lines is n(n + 1).

(v) There are n + 1 pencils of parallel lines.

Proof: See exercise 4 in problem set 1.

A natural question to ask is: For which values of n are there affine planes of order n? The
answer is still unknown and it is one of the major unsolved problems in affine geometry. In
general it has been proved that there are finite affine planes of order pk for p a prime number
and k a positive integer. At the end of the next session we will talk about a standard tool to
find projective planes of a particular order.

2 Projective planes

Definition: A projective plane is the data (P ,L), where P is a nonempty set of elements called
points and L is a nonempty collection of subsets of P called lines that satisfy the following
properties:

A1 Given two distinct points P and Q, there exists a unique line l such that P ∈ l and Q ∈ l.
We will denote this line by lPQ.

B2 Two distinct lines intersect in exactly one point.

B3 There exists four distinct points P,R,Q,R such that no three of them are collinear.

EXAMPLES:

• Fano plane. This is the smallest projective plane (up to isomorphism). It is denoted by
PG(2, 2). Notice that this plane can be obtained from the affine plane of order 2. We can
add an additional point for every pair of parallel lines and then form the line composed by
all the ”new” points.

P = {A,B,C,D,E, F,G}
L = {{A,D,C}, {A,G,E}, {A,F,B}, {C,G, F}, {C,E,B}, {B,G,D}, {D,E, F}}
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Remark: Any affine plane (P ,L) can be enlarged to a projective plane (P ′,L′)by adjoining
a common new point to each pencil of parallel lines and gathering the new points together
to form an additional line. In a similar way, it can be verified that if (P ′,L′) is a projective
plane. We can choose any line and take out that line together with all the points in that
line to obtain an affine plane.
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