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Squares in Z∗p
This section is all about finding squares in Z∗

p. If we spend a bit of time on question 1e) above, we

notice that
√
−1 exists in Z7 but not in Z13. This is kind of strange, and it raises the question of

when does
√
−1 exist in Zp? What about

√
2 or

√
−3. Now the fun begins!

Let’s see which squares actually exist in Z∗
7 and Z∗

13. We respectively have the tables

x 1 2 3 4 5 6

x2 1 4 2 2 4 1

x 1 2 3 4 5 6 7 8 9 10 11 12

x2 1 4 9 3 12 10 10 12 3 9 4 1
.

Looking at this we that since 12 ≡ −1 mod 13, -1 has a square root (in fact it has two, 5 and
8). Well, let’s do some more examples, and this time we will write the elements of Z∗

p slightly
differently.

For Z∗
11 = {±1,±2,±3,±4,±5} we have

x ±1 ±2 ±3 ±4 ±5

x2 1 4 −2 5 3

so we see

Squares in Z∗
11 are: 1, 4,−2, 5, 3, and

Non-squares in Z∗
11 are: − 1,−4, 2,−5,−3.

Interesting. Let’s do some more examples. For Z∗
13 = {±1,±2,±3,±4,±5,±6} we have

x ±1 ±2 ±3 ±4 ±5 ±6

x2 1 4 −4 3 -1 -3

so we see

Squares in Z∗
13 are: ± 1,±3,±4, and

Non-squares in Z∗
13 are: ± 2,±5,±6.

So the squares in Z∗
11 act a little different to the squares in Z∗

13. Okay, so what’s so special about
primes? Well, let’s see. For Z∗

15 = {±1,±2,±4,±7} we have
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x ±1 ±2 ±4 ±7

x2 1 4 1 4

so we see

Squares in Z∗
15 are: 1, 4, and

Non-squares in Z∗
15 are: − 1,±2,−4,±7.

From these examples, what do we notice?

• In the cases for Z∗
p where p is a prime, exactly half of the elements are squares and the other

half are not.

• When p is a prime, each square in Z∗
p has two square roots. This doesn’t happen in Z∗

15 since
4 has four square roots, namely ±2 and ±7.

Let’s try and figure out why the second point is true. First notice that in Zp, if ab ≡ 0 mod p
then a ≡ 0 mod p or b ≡ 0 mod p (note this doesn’t happen if p is not prime, since in Z15 we
have 3 · 5 ≡ 0 mod 15). Why is this?

Well, assume ab ≡ 0 and a 6= 0 mod p. We are going to force b ≡ 0 mod p. Since Zp is a field,
a−1 exists so we have

ab ≡ 0 mod p

=⇒ a−1ab ≡ a−10 mod p

=⇒ b ≡ 0 mod p

and we’re done! Now we can try our hand at proving the first statement above thoroughly. Re-
member, a proof is simply an argument that is just about impossible to disagree with.

Theorem. Let p ≥ 3 be a prime and suppose a in Z∗
p is a square, that is a ≡ b2 mod p for some

b in Z∗
p. Then a has exactly 2 square roots, namely b and −b.

Proof. Suppose that a is a square, that is a = b2 for some b. Then we know that a = (−b)2, so we
see that if a is a square, it certainly has at least the two square roots that we want. Now we will
argue that there are no more by assuming there is another one, and showing it is actually either b
or −b.

Assume c2 ≡ a mod p. Then we have a ≡ b2 ≡ c2 mod p. Rearranging we get

c2 − b2 ≡ 0 mod p

which after factoring we have
(c− b)(c + b) ≡ 0 mod p.

Now, since we’re in Zp for some prime p, we know this means that either c − b ≡ 0 mod p or
c + b ≡ 0 mod p. Therefore we have c ≡ b mod p or c ≡ −b mod p, and we have shown that if
there is a square root, it had better be either b or −b. �

What we have shown here is actually quite powerful. If a number has a square root, then there
are exactly two! This is the kind of behaviour that we would like, because it is the behaviour we
see on the real numbers.

We now have the tools to attack the group three problems. Definitely spend some time on
questions 13, 16, and 17 and look carefully for patterns.
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Euler’s Criterion

As we can see from the problems, finding squares in Z∗
p is difficult. However, we do have a nice tool

called Euler’s criterion. To get there, we first need to define the Legendre symbol as follows.
Let p be an odd prime and a and element of Z∗

p. Then we define the Legendre symbol as

(a
b

)
:=

{
1 if a is a square mod p
-1 if a is a non-square mod p

.

For example, we know −1 is not a square in Z13 but it is in Z7. So we have(
−1

7

)
= −1 and

(
−1

13

)
= 1.

So how do we calculate the Legendre symbol in general without looking for the squares in Z∗
p? Well,

lucky for us, we have Euler’s criterion which tells us that(
a

p

)
≡ a

p−1
2 mod p.

For example, the calculation (
3

11

)
≡ 35 ≡ 243 ≡ 1 mod 11

tells us that 3 is a square in Z11.
Now we have the machinery to look at the last group of questions.
So this is all we have managed to get through, but it has barely scratched the surface of finding

squares in Zp, let alone number theory as a whole. There are so many more questions to ask and
so many more to be resolved. If you want to learn more about this stuff, the book

Primes of the form a2 + nb2: Fermat, Class Field Theory and Complex Multiplication

by David Cox is an excellent place to start. The first few chapters of the book are definitely
accessible to you. Good luck!
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