
Rational Points On Elliptic Curves - Problem Set

(i) Throughout, we’ve been looking at elliptic curves in the general form

y2 = x3 + Ax + B

However we did claim that an elliptic curve has equation of the form y2 equals a cubic
(with nonzero discriminant). Show that if we have an elliptic curve of the form

y2 = x3 + Rx2 + Sx + T

Then we can shift coordinates so that we get an equation that eliminates the x2 term.

Hint: Send (x, y) on the elliptic curve y2 = x3 +Rx2 +Sx+T to the value (x−R/3, y)
then simplify.

Note: In the form y2 = x3+Ax+B, the discriminant is given by ∆ = −16(4A3−27B2).
Also note that this trick doesn’t always work in finite fields (and the definition of an
elliptic curve needs to be a bit more general to work for Z2 and Z3 but I’ll leave this
for interest reading).

(ii) What is the discriminant of an elliptic curve associated to the congruent number prob-
lem y2 = x3 −N2x?

(iii) Compute the following values in their respective fields. Reduce to the least nonnegative
integer.

1. 5 + 6 in Z7

2. 5 · 6 in Z7

3. 24 in Z11

4. 360 in Z5

5. (1)(2)(3)(4) in Z5

6. (1)(2)(3)(4)(5)(6) in Z7

7. (1)(2)(3)(4)(5)(6)(7)(8)(9)(10) in Z11 (Do you notice a pattern? Can you prove
it?)

(iv) Find the number of points on the elliptic curve y2 = x3 +x+ 1 over the finite fields Z3,
Z7, Z11 and Z13. Hint: Sometimes it’s easier to compute a value using an equivalent
negative value. For examine in Z11 the number 10 ≡ −1 (mod 11).

(v) Find the number of points on the elliptic curve y2 = x3 − 4x2 + 16 over the finite fields
Z3, Z5 and Z7.

(vi) There are many algorithms available for computing rational points. Sage Math Cloud
has some of these available. Using these for the curves y2 = x3 −N2x with N = 13, 14
and 15, we find that

y2 = x3 − 132x contains the point P = (−36/25, 1938/125)

y2 = x3 − 142x contains the point Q = (18, 48)

y2 = x3 − 152x contains the point R = (−9, 36)
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Doubling each points gives

2P = (11432100241/375584400, 1105240264347961/7278825672000)

2Q = (4225/144,−241345/1728)

2R = (289/16,−2737/64)

See if you can find the associated triangles in the case of N = 14 and N = 15. The
case even when N = 13 is far too large to want to do by hand! Hint: You may want to
use a calculator.
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