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1. (a)

(b)

Regular hexagon ABC DEF has side length 2x, and so AB = 2z.
Since AOAB is equilateral, then OA = OB = AB = 2x.
The radius of the circle is equal to OA and thus is 2z.

Since M is the midpoint of AB and OA = OB, then 4 F

OM is perpendicular to AB. u
Since M is the midpoint of AB, then AM = %AB = 0
Using the Pythagorean Theorem in right-angled B E

ANOAM, we get OA? = OM? + AM? or
(2z)2 = OM? + 2% and so OM? = 32% or
OM = +/3x (since OM > 0). C D

Alternatively, notice that AOAM is a 30°-60°-90° trian- Figure 2
gle, and so AM :0A:OM =1:2:v3=ux:2z:3x.

The diagonals AD, BE and C'F divide ABC DFEF into six congruent equilateral triangles.
Thus the area of ABCDEF is six times the area of AOAB (having base AB and height
OM), or

6 x 1 x AB x OM = 3 x 2z x V3z = 6v/32”

The area of the shaded region is determined by subtracting the area of ABCDFEF from
the area of the circle with centre O and radius 2z.
Thus, the area of the shaded region is

7(22)% — 6v32% = dma? — 6v/32% = (47 — 6v/3)a?

123
AT — 63

and so x = 7.5 when rounded to the nearest tenth.

The area of this shaded region is 123, and so (47 — 6/3)2% = 123 or 2% =

123
A7 — 63

With 1 kg of muffin batter, exactly 24 mini muffins and 2 large muffins can be made. Thus
with 2 kg of muffin batter, exactly 2 x 24 = 48 mini muffins and 2 x 2 = 4 large muffins
can be made, and so n = 4.

Solution 1

With 2 kg of muffin batter, exactly 36 mini muffins and 6 large muffins can be made.
With 2 kg of muffin batter, exactly 48 mini muffins and 4 large muffins can be made.
Adding these, we get that with 2 kg + 2 kg = 4 kg of muffin batter, exactly 36 + 48 = 84
mini muffins and 6 + 4 = 10 large muffins can be made, and so = = 4.

Solution 2

Let m be the number of kilograms of muffin batter needed to make 1 mini muffin.
Let ¢ be the number of kilograms of muffin batter needed to make 1 large muffin.
Since 1 kg of muffin batter makes exactly 24 mini muffins and 2 large muffins, then
1 =24m + 2¢.

Since 2 kg of muffin batter makes exactly 36 mini muffins and 6 large muffins, then
2 = 36m + 6.

Subtracting the second equation from 3 times the first equation, we get

1
3x1—-2=3x(24m +20) — (36m + 6¢) or 1 = 36m, andsom:%.

1 1
Substituting m = 6 into the second equation, we get 2 = 36 <%) + 6/ or 1 = 6/, and

Since z > 0, we get x =
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1
(= —.
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1 1
Since 36 kg of muffin batter is needed to make 1 mini muffin, then 84 - w3 kg of muf-

fin batter is needed to make 84 mini muffins.

1 1 5
Since G kg of muffin batter is needed to make 1 large muffin, then 10 - §=3 kg of muffin

batter is needed to make 10 large muffins.

7 5 12
Thus, exactly 84 mini muffins and 10 large muffins can be made with 3 + 3=3 = 4 kg

of muffin batter, and so x = 4.

In part (b) Solution 2, it was determined that 5= kg of muffin batter is needed to make
1 mini muffin, and % kg of muffin batter is needed to make 1 large muffin.
Therefore, the number of kilograms of muffin batter needed to make 1 large muffin is

1

6 times the number of kilograms of batter needed to make 1 mini muffin (6 X % = g).

In other words, the batter needed to make 1 large muffin can make 6 mini muffins.
Then, using the amount of batter that makes 7 large muffins, 6 x 7 = 42 mini muffins can
be made.

If the first number in a sequence is 3 and the sequence is generated by the function
22 — 3z + 1, then the second number in the sequence is

32-303)+1=1,

and the third number in the sequence is

and the fourth number in the sequence is
(=1)> =3(=1) +1=5.

The first four numbers in the sequence are 3,1, —1, 5.

Let the first and second numbers in the sequence generated by the function z? — 4z + 7
be f and s, respectively.

Then, the first three numbers in the sequence are f,s, 7.

Since the third number in the sequence is 7, then s> —4s +7 = 7.

Solving this equation, we get s> —4s = 0 or s(s — 4) = 0, which has solutions s = 0 and
s = 4, and so the first three numbers in the sequence could be f,0,7 or f,4,7.

If the second number in the sequence is 0, then f2 —4f +7 = 0.

The discriminant of this equation is (—4)% — 4(1)(7) = —12 (less than zero) and so there
are no real solutions.

Thus, there is no first number in this sequence for which the second number is 0.

If the second number in the sequence is 4, then f2 —4f +7 =4, or f2—4f+3 =0 and
so (f —1)(f — 3) =0, which has solutions f =1 and f = 3.

Therefore, if 7 is the third number in a sequence generated by the function 22 — 4z + 7,
then the first three numbers in the sequence could be 1,4,7 or 3,4,7, and so the possible
first numbers in the sequence are 1 and 3.

The first two numbers in the sequence are c, ¢, and so ¢ — 7c — 48 = c.
Solving this equation, we get ¢ — 8¢ — 48 = 0 or (¢ + 4)(c — 12) = 0, which has solutions
c=—4and c=12.
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(d) The first number in the sequence is a and the second number is b, and so
a* —12a + 39 = b.
The second number in the sequence is b and the third number is a, and so
b —12b+ 39 = a.
Subtracting the second equation from the first and simplifying, we get

(a®* —12a +39) — (b* —120+39) = b—a
> = —12a+120 = b—a
a’>—b*—1la+11b = 0

(a—b)(a+b)—11(a—b) = 0
(a—0b)(a+b—11) = 0

Since a # b, thena—b#0andsoa+b—11=0o0r b =11 —a.

Substituting into the first equation, we get a®> — 12a + 39 = 11 — a or a? — 11a + 28 = 0.

Factoring gives (a —4)(a — 7) = 0 and so the possible values of a are 4 and 7.

(Note that the two possible sequences are 4,7,4,... and 7,4,7,....)

4. (a) Written as a product of its prime factors, 240 = 2*3'5! and so
f240) =(1+4H)A1+1)(1+1)=(5)(2)(2) =20

(b) Suppose f(N) =6 and N is refactorable. Then 6 divides V.
N is divisible by 6 exactly when its prime factors include at least one 2 and at least one 3
(since 6 = 2 x 3).
Assume that N contains an additional prime factor p, distinct from 2 and 3.
In this case, the divisors of N are 1,2, 3,6, p, 2p, 3p, and 6p, which is too many divisors.
Thus, it must be that N is a positive integer of the form N = 2“3" where u and v are
positive integers, and so f(N) = (1 +u)(1 4+ v) =6.
Since v and v are positive integers, then 1+ v > 2 and 14 v > 2 and so there are exactly
two possibilities: u =1and v =2 or u =2 and v = 1.
When v =1 and v =2, N =2'32 = 18 and when u =2 and v = 1, N = 223! = 12.
The refactorable numbers N with f(N) =6 are 12 and 18.

(c) Since N is refactorable, then f(N) = 256 = 2% divides N.
Thus for some integer w > 8, N is of the form N = 2¥pi'p5*---pi*¥, where
2 < pp <pg <---<pg are prime numbers, and ay, as, - - - , a are positive integers.
In this case, f(N) = (1 +w)(1+a;)(1+ag) - (1+a) = 2% and so each of the factors
14+w,1+ay,1+as,---,1+ais a power of 2 (since their product is 28).
This means that each of the exponents w, a1, as, - - - ,a; is one less than a power of two.
Since w > 8, then 1 +w > 9 and so 1 +w > 24 (the smallest power of 2 greater than 8).
Since f(N) = 1+ w)(1 +a1)(1 4+ az)--- (1 4+ ar) = 2% then 2* < 1+ w < 2® and
1< (1+4+a)(1+ag) - (1+ax) < 2% and so w must be equal to 15,31,63,127, or 255,
and each of aq,as,--- ,ar must be equal to 1,3,7, or 15.
For example, if 1 +w = 28, then w = 256 — 1 = 255 and N = 225,
If 1 +w = 2% then w =15 and N is of the form N = 2¥p{'p3? - - - pi*.
Thus, the smallest N having the greatest number of distinct prime factors is N = 215315171111,
and we may confirm that f(N) = (1+15)(1+1)(14+1)(1+1)(1+1)=2*-2-2.2.2 =28
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as required.
Comparing these first two values of N, we recognize that 21°31517111! is significantly less
than 225,

Further, we recognize that

all remaining possible values of N have exactly 2, 3 or 4 distinct prime factors,
e where exponents are equal, smaller prime factors give smaller values of N,
e the greatest exponents must occur on the smallest prime factors, and
e we recall that each exponent is one less than a power of 2.
In the table below, we use the above information to determine the smallest possible values

of N having 1, 2, 3, 4, and 5 distinct prime factors.
Further, we compare the size of each of these values of IV within each of the 5 groups.

Number of distinct Values of N
prime factors of N
1 2255
2 215315 < 23137 < 26333 < 212731
3 2193353 < 2153751 < 2313351 < 2633151
4 215335171 < 931315171
5 21531517111t

Finally, we compare the smallest values of N from each of the 5 rows in the table above.
Since 212335171 < 219315171111 < 2153353 < 215315 < 2255 then the smallest refactorable
number N with f(N) = 256, is N = 21335171 = 30965 760.

Let m be a positive integer of the form m = pi*p5? - - - pi*, where py < py < -+ < pjy are
prime numbers, and aq, as, - - - , a are positive integers.
We begin by stating a value of N and then proceed to show that it works.

al ag ap
For each m = py'p3® - - - p;*, choose N = pl ) 1) plgpk o)

On the contest paper, the useful fact states that 2" > n + 1 for all positive integers n.
Since p > 2 for all prime numbers p, then p® > 2" > n + 1.
Since p” > n + 1, then p" — 1 > n, and so p;" — 1 > a; for all integers i where 1 < i < k.

al,l
Thus, pi* divides pgpl ) since each is a power with base p; and p{* —1 > ay.
a2_1
Similarly, p5? divides p§p2 ), and so on.
-1 52 —1 k1
Therefore, m = p{'p3? - - - pe* divides N = pgpl >p§p2 ) i -p,gp’“ )

Further, f(N) = (1+p{" = 1) (1 +p5* = 1)+ (1 +pi* = 1) = pi'ps* - pi* = m.
Thus for every integer m > 1, there exists a refactorable number N such that f(N) = m.



