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Individual Problems

1.

From the bar graph, 11 students chose chocolate ice cream, 5 students chose strawberry ice

cream, and 8 students chose vanilla ice cream.

11
The total number of students is 11 + 5 4+ 8 = 24, so the answer is oYk
11

ANSWER: 2

. Since FB = BC' = CE, ABCEF is equilateral so ZBEC' = 60°.

Since DF' is parallel to EB, ZFDC = Z/BEC = 60°.
Since AB is parallel to DC' and AD is perpendicular to AB, AD is also perpendicular to DC,
so ZADC = 90°.
Therefore, /FFDA = ZADC — ZFDC = 90° — 60° = 30°.
ANSWER: 30°

Let x the real number satisfying BC' = 6.
From AB: BC' =1 :2 we get that AB = 3.
From BC : CD =6 : 5 we get that C'D = 5zx.
This means AD = AB + BC + CD = 3z + 6x + bz = 14x.
We are given that AD = 56, so 56 = 14z or x = 4.
Therefore, AB = 3z = 3(4) = 12.
ANSWER: 12

The terms being added and subtracted are the integers 2(1), 2(2), 2(3), and so on up to 2(1011).
This means there are 1011 terms in total, which is an odd number of terms.

We will now insert parentheses to group the terms in pairs starting with the first two terms,
then the second two terms, and so on.

Since the total number of terms is odd, 2022 will not be grouped with another term:

S=(2—4)+ (6 —8) + (10 — 12) + - - - + (2014 — 2016) + (2018 — 2020) + 2022

Each of the parenthetical expressions is equal to —2, and the number of parenthetical expres-

1011 —1
sions is OT = 505.

Therefore,
S = 505(—2) + 2022 = —1010 + 2022 = 1012
ANSWER: 1012

k
Suppose 12n = k? for some integer k. Then k? is even and so k& must be even, which means 5

is an integer.
. . ) . k\? kL :
Dividing both sides of 12n = k* by 4 gives 3n = 5 ) and since 5 isan integer, this means

3n is a perfect square.

We are given that 200 < n < 250, which implies 600 < 3n < 750.

The perfect squares between 600 and 750 are 625, 676, and 729, among which 729 is the only

multiple of 3, so 3n = 729 or n = 243.

This value of n satisfies 200 < n < 250, and 12n = 2916 = 542.

We have shown that n = 243 is the only n that satisfies the conditions, so it must be the largest.
ANSWER: 243
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6. Substituting B = 3C into D = 2B — C gives D = 2(3C') — C = 5C.

Substituting D = 5C' and B = 3C into A = B+ D gives A = 3C' 4+ 5C = 8C.

10 99
Since A = 8C' is a two-digit integer, we must have 10 < 8C < 99, so 3 <C< 3

Since C'is an integer, this implies 2 < C' < 12.
We also know that C' is a two-digit integer, so 10 < C', which means that C' = 10, C' = 11, or
C =12.
Using the equations from earlier, we have A+ B+ C+ D =8C 4+ 3C 4+ C + 5C = 17C, so the
larger C'is, the larger A+ B+ C + D is.
With C' = 12, we get A = 8(12) = 96, B = 3(12) = 36, and D = 5(12) = 60, which are all
two-digit integers.
Therefore, the conditions are satisfied when C' = 12, its largest possible value, which means
C = 12 corresponds to the largest possible value of A+ B+ C + D.
Therefore, the answer is A+ B+ C + D = 17C = 17(12) = 204.

ANSWER: 204

7. We can rewrite the given expression as follows:

3 x 10°% — 2022 x 1077 — 2022 = 3000 x 10%°7 — 2022 x 107 — 2022
= (3000 — 2022) x 10%7 — 2022
= 978 x 10%7 — 2022
= (978 x 10%7 — 1) — 2021

The integer 978 x 10*7 — 1 is the 500-digit integer with leading digits 977 followed by 497 9’s.
Thus, the digits of the given integer, from left to right, are 9, 7, and 7 followed by 497 —4 = 493
9’s, and the final four digits are 9 —2=7,9—-0=9,9—-2=7,and 9—1=38.

Therefore, the sum of the digits of the integer is

9+ T7T+T7T+ (493 x9)+T7+9+7+8=4491
ANSWER: 4491

8. By rearranging, we get

208 +3n” +an+b  2n°+2n+3n* +3+ (a — 2)n+ (b —3)

n?+1 n?+1
20?4+ 1)4+3(n*+ 1)+ (a—2)n+ (b—3)
N n?+1
—9 _
=2n+3+(a )Z+(b 3)
n®+1

The quantity 2n + 3 is an integer if n is an integer, so the given expression in n is an integer
(a—2)n+(b—3)
n?+1
Suppose that a — 2 # 0 and consider the functions f(x) = 2*> + 1, g(z) = (a — 2)x + b — 3, and

h(z) = f(z) — g(z) = 2* — (a — 2)x + 4 — b.

The graph of h(x) is a parabola with a positive coefficient of 22, which means that there are
finitely many integers n with the property that h(n) < 0 (there could be no such integers).
Since h(n) = f(n) —g(n), we have shown that there are only finitely many integers n for which
g(n) < f(n) is false.

The graph of g(x) is a line that is neither vertical nor horizontal since a — 2 # 0, so there must

exactly when is an integer.



2022 CTMC Solutions Page 4

be infinitely many integers for which g(n) > 0.

Since infinitely many integers satisfy 0 < g(n) and only finitely many integers fail g(n) < f(n),
there must exist an integer n with the property that 0 < g(n) < f(n).

This means there exists an integer n for which

g(n)

0<—+<1

f(n)
but this means
gn) (a—2)n+b—-3
fn) n?+1
is not an integer. Therefore, we have shown that if a — 2 # 0, then there is an integer n for

which the expression in the problem is not an integer, so we conclude that a —2 =0 or a — 2.
We now have that the expression in the question is equivalent to

b—3

2 3
n + +n2+1

which is an integer exactly when is an integer.

n?+1
If b — 3 is positive, then n can be chosen so that n? 4+ 1 is larger than b — 3, which would mean
b—3

that the positive expression —— is not an integer.
n?+1

-3
n?+1
This shows that if b — 3 # 0, then there are integers n for which the expression in the question
is not an integer.

We can conclude that b —3 =0, or b = 3.
Therefore, we have that a = 2 and b = 3, so the expression given in the problem is equivalent
to

Similarly, if b — 3 is negative, then there are integers n for which is not an integer.

(2-2)n+(3-3)
n2+1
Thus, the answer to the question is 2(4) + 3 = 11.

2n + 3 + =2n+3

ANSWER: 11

9. We will use the fact that if two circles are externally tangent, then the line connecting their
centres passes through the point of tangency.
The side lengths of AABC are AB = (v/3—1)+(3—v/3) =2, AC = (v3—1)+(1+/3) = 2V/3,
and BC = (3—v3)+ (1++3) =4
Notice that

AB? + AC? = 2% + (2V/3)?
=4+12
= 16
=42
= BC?

and so the sides of AABC satisfy BC? = AB?* + AC?. By the converse of the Pythagorean
theorem, AABC has ZCAB = 90°.

Therefore, the area of AABC is % x AB x AC = % X 2 X 2¢/3 = 24/3.
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10.

Since ZC'AB = 90°, the unshaded sector that lies inside the triangle has area

area of the circle centred at A.
The area of the circle centred at A is 7(v/3 — 1)? = 7(4 — 21/3).
The area of the shaded region is therefore

2\/§—7T(4_T2\/§):2\/§—7r+%7r\/§

1 3
which means a =2, b= —1, aundc:§7 SO a+b+c:§.

ANSWER: 32

We will count the integers with the desired property by considering four cases, one for each
possible leading digit.

The leading digit is 1: In this situation, we are looking for integers of the form 1000 4+ n where
n is an integer from 1 to 999 inclusive so that 1000 + n is a multiple of n.

For 1000 4+ n to be a multiple of n, there must be some integer k£ so that kn = 1000 + n, which
can be rearranged to get n(k — 1) = 1000.

Thus, 1000 + n will have the desired property exactly when n is a positive factor of 1000 that
is less than 1000.

The positive factors of 1000 that are less than 1000 are

1,2,4,5,8,10,20, 25, 40, 50, 100, 125, 200, 250, 500

There are 15 integers in the list above, so we get 15 integers in this case.

The leading digit is 2: Similar to case 1, we need to find all integers n for which 1 < n < 999
and 2000 4 n is a multiple of n.

The latter condition means there is an integer k with the property that 2000 + n = kn which
can be rearranged to get 2000 = n(k — 1).

The positive factors of 2000 that are less than 1000 are

1,2,4,5,8, 10,16, 20, 25, 40, 50, 80, 100, 125, 200, 250, 400, 500

of which there are 18. Therefore, there are 18 integers in this case.

The leading digit is 3: As in cases 1 and 2, we need to find all integers n for which 1 < n < 999
and 3000 4 n is a multiple of n.

Again, this means we need to count the positive factors of 3000 that are less than 1000.

If m is a factor of 3000, then it is either a multiple of 3 or it is not.

If it is not a multiple of 3, then it is one of the 15 factors of 1000 from case 1.

Otherwise, it is 3 times one of the factors of 1000 from case 1.

Among the factors from case 1, all except 500 remain less than 1000 when multiplied by 3.
Therefore, there are 15 4 14 = 29 integers in this case.

The leading digit is 4: In this case, we need to count the positive factors of 4000 that are

smaller than 1000.

The prime factorization of 4000 is 2°53.

Each factor of 4000 is either a power of 2, 5 times a power of 2, 25 times a power of 2, or 125
times a power of 2.
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Each of 1 = 2°, 2 = 2! 4 =22 8 =23 16 = 2% and 32 = 2° is less than 1000, so 6 of the
factors are powers of 2.

Multiplying each of the powers of 2 in the previous line by 5 gives 5, 10, 20, 40, 80, and 160,
each of which is less than 1000.

Multiplying 5 by each of the factors in the previous line gives 25, 50, 100, 200, 400, and 800,
each of which is less than 1000.

Multiplying 5 by each of the factors in the previous line gives 125, 250, 500, 1000, 2000, 4000,
three of which are less than 1000.

This gives a total of 6 +6 + 6 + 3 = 21 factors of 4000 that are less than 1000, so we get 21
integers in this case.

Thus, the number of integers with the desired property is 15 + 18 + 29 + 21 = 83.
ANSWER: 83
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Team Problems

1. Substituting x = 40 into x = 2z gives 40 = 2z so z = 20.
Substituting z = 20 into y = 3z — 1 gives y = 3(20) — 1 = 59.
ANSWER: 59

2. The smallest two positive two-digit multiples of 6 are 12 and 18.
Since 12 is a multiple of 4 and 18 is not, the answer is 18.
ANSWER: 18

3. Since the first digit of a four-digit integer cannot be 0, there are three integers with the given
property: 2022, 2202, and 2220.
The largest is 2220 and the smallest is 2022, so the answer is 2220 — 2022 = 198.
ANSWER: 198

4. Let Y denote the number of people who answered “yes” and let N denote the number of people
who answered “no”.
The number of people is n, son =Y + N. As well, since 76% of respondents said “yes”, we

7% Y
have that — = — = .
ave Hh 100_n " VAN
The equation — = implies 76Y +76/N = 100Y which can be rearranged to T6 N = 24Y".

100 Y+ N
Dividing both sides by 4 gives 19N = 6Y'.

Since Y and N are numbers of people, they are non-negative integers. Furthermore, since a
non-zero percentage of people responded with each of “yes” and “no”, they must be positive
integers.
Therefore, the equation 19N = 6Y implies that Y is a positive multiple of 19 since 6 and 19
do not have any positive factors in common other than 1. (6)(19)

6)(19

The smallest that Y can be is 19, and if Y = 19, then N = T 6.
If Y =19 and N = 6, then n = 25, which means Z = g = (0.76 and E = E = 0.24.
n 25 n 25

Therefore, Y = 19 and N = 6 satisfy the conditions, and we have already argued that ¥ cannot
be any smaller.
If Y is greater than 19, then n is greater than 2(19) = 38 since Y must be a positive multiple
of 19. Therefore, the answer is 25.

ANSWER: 25

5. In the diagram below, there are 6 squares shaded in such a way that no two shaded squares
share an edge, which shows that the answer is at least 6.
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We will now argue that it is impossible to shade more than 6 square in such a way that no two
shaded squares share an edge, which will show that the answer to the question is 6.
If four or five squares in the bottom row are shaded, then at least two shaded squares will share
an edge.
Therefore, at most 3 squares can be shaded in the bottom row.
If all three squares in the middle row are shaded, then there will be shaded squares that share
an edge.
Therefore, at most 2 squares can be shaded in the middle row.
There is only one square in the top row, so at most 1 square can be shaded in the top row.
Thus, the number of squares that can be shaded so that no two shaded squares share an edge
is at most 3+ 241 =6.

ANSWER: 6

6. Multiplying both sides of the equation by 12x gives 12+ 6 +4 = x, so x = 22.
ANSWER: 22

7. An isosceles triangle must have at least two sides of equal length.

If an isosceles triangle has at least one side of length 10 and at least one side of length 22, then

its three side lengths are either 10, 10, and 22 or 10, 22, and 22.

In any triangle, the sum of the lengths of any two sides must be larger than the length of the

other side.

Since 10 + 10 < 22, a triangle cannot have sides of length 10, 10, and 22.

Therefore, the triangle’s sides have lengths 10, 22, and 22, so the answer is 10 + 22 + 22 = 54.
ANSWER: 54

8. The area of interest is a triangle with vertices at the origin, the z-intercept of y = —2x + 28,
and the point of intersection of the lines with equations y = mx and y = —2x + 28.
Yy =mx

\

A

\y:—2x—|—28

Setting y = 0 in y = —2x + 28 gives 0 = —2x + 28 which implies = = 14.
Therefore, the base of the triangle has length 14 — 0 = 14.

28
Setting mx = —2x+28 leads to x = n
m
which is the height of the triangle.
1
Using that the area of the triangle is 98, we have that 98 = 3 X 14 x

28m
m+ 2’

5 and substituting this into y = max gives y =

m+ 2 m+2

2
Dividing both sides of this equation by 98 gives 1 = %, which can be rearranged to get
m

m + 2 = 2m, which implies that m = 2.
ANSWER: 2
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9.

10.

11.

The side length of a cube with volume a® cm?® is a cm.

Since 103 = 1000 and 4 = 64, the side length of the original cube is 10 cm and the side length
of the smaller cube is 4 cm.

The new figure has nine faces: three 10 cm x 10 cm squares, three 4 cm x 4 cm squares, and three
faces obtained by removing a 4 cm x 4 cm square from the corner of a 10 cm x 10 ¢cm square.
Thus, the surface area of the new figure in cm? is

3(10%) + 3(4?) + 3(10% — 4%) = 600

[Note that this is exactly the surface area of the original cube. Can you see a simple reason
why this is true?]
The shaded region is a 4 cm x 4 cm square, so the ratio we seek is 42 : 600 or 2 : 75.
Therefore, x = 75.

ANSWER: 75

8(n—1
The expression ( (711) ( ) %) is undefined when n = 1. For every integer n # 1, the expression
n—1)(n—

is equal to )

n—2

) 8(n —1) ) ) .
Thus, if n has the property that ( 0 %) is also an integer, then n must be an integer
n—1)(n—

different from 1 with the property that n — 2 is a factor of 8.
The factors of 8 are
—8,—4,—-2,—-1,1,2,4,8

The following table has these values of n — 2 in the first column, the corresponding values of n

8(n—1
in the second column, and the corresponding values of (n ) in the third column.
(n—1)(n—2)
8(n —1)
—2
S N U )

-8 | —6 -1

—4 | =2 —2

-2 0 —4

—1 1 undefined

1 3 8

2 4 4

4 6 2

8 10 1

8(n—1
Other than when n = 1, we get an integer value of (n—1) .
(n—1)(n—2)
, 8n—1) .
The sum of the integer values of is—1—-2—-4+8+444+2+1=28.
(n—1)(n—2)

ANSWER: 8

Let a be the amount in dollars initially invested in Account A, let b be the amount in dollars
initially invested in Account B, and let ¢ be the amount in dollars initially invested in Account C.
The given information leads to the equations a + b+ ¢ = 425, 0.05a = 0.08b, and 0.08b = 0.1c.

8
The second and third equations can be solved for a and b, respectively, to get a = gb and
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12.

13.

)
b:ZC.

5 8
Substituting b = Zc into the equation a = gb, we get a = 2c.

5
Substituting a = 2¢ and b = 1€ into the equation a + b 4 ¢ = 425 gives

1
425:a+b+c:2c+gc+c:z7c

4
Therefore, the amount in dollars initially invested in Account C is ¢ = T x 425 = 100.
ANSWER: $100

Solution 1
The original line contains the points (0,6) and (1,9).
Translating these points 3 units up gives the points (0,9) and (1, 12).
Translating these points 4 units to the left gives (—4,9) and (—3,12).
Reflecting these points in the line y = x gives (9, —4) and (12, —3).

1

—3—(—4
The slope of the line through these two points is 12—<9) =73

1
Substituting x =9 and y = —4 into y = 5;1: +0bgives —4=3+bor b= —7.

Therefore, the equation of the resulting line is y = gx — 7, so the answer is —7.

Solution 2

The equation of the line obtained by translating up by 3 units is y =3x+6+3 or y = 32 + 9.
The equation of the line obtained by translating to the left by 4 units is y = 3(z +4) + 9 or
y =3z + 21.

To find the equation of the line obtained by reflecting the line in y = x, we interchange x and

1
y to get © = 3y + 21, then solve for y to get y = gaj — 7. Therefore, the answer is —7.
ANSWER: —7

The sum of the integers in the list is
(m+1)+2(m+2)+3(m+3)+4(m+4)+5m+5)=15m+1+4+9+16+25 = 15m + 55
The number of integers in the list is

m+1)+(m+2)+(m+3)+(m+4)+(m+5)=>5n+15
: : .. 19 ,
The average of the integers in the list is 5 so this means

19  15m+55 3m+11

6 5m+15  m+3

The above equation is equivalent to 19(m + 3) = 6(3m + 11), or 19m + 57 = 18m + 66, which
can be solved for m to get m = 9.
ANSWER: 9
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14. Suppose Devi was given the bill for Bohan’s meal. From the second bullet point, this would

15.

mean that Bohan and Devi were given each other’s bills.

This means that Ann’s, Che’s, and Eden’s bills were distributed among each-other in some way.
Che was given Ann’s bill by the fourth bullet point, so if Ann was given Che’s bill, then Eden
would have been given her own bill.

Since nobody was given their own bill, Ann must have been given Eden’s bill, so the only bill
remaining for Eden to have been given is Che’s.

Thus, assuming that Devi was given Bohan’s bill, we have deduced that Ann was given Eden’s
bill, Eden was given Che’s bill, and Che was given Ann’s bill.

By the first bullet point, Che and Eden ordered meals with the same cost.

Since Eden was given Che’s bill, the third bullet point is violated.

This means that Devi was not given Bohan’s bill.

Because Che was given Ann’s bill, Devi was not given Ann’s bill.

As well, Devi could not have been given Che’s bill because this would imply, by the second
bullet point, that Che was given Devi’s bill, which would violate the fourth bullet point.

By eliminating all other possibilities, we have deduced that Devi’s and Eden’s bills were inter-
changed.
This means that the remaining three bills, belonging to Ann, Bohan, and Che, were distributed
among the same three people.
Similar to the reasoning from before, since nobody was given their own bill and Che was given
Ann’s bill, the only possibility is that Bohan was given Che’s bill and Ann was given Bohan’s
bill.

ANSWER: Ann

Solution 1
. -3 1
The line segment P() has slope 9 =3
1
Since ZPQR = 90°, the slope of QR is the negative reciprocal of —3 which is 3.
3—(-3) 6 6

The line segment Q)R has slope 3.

—11 oz —10 7z —11
This implies 6 = 3z — 33, so 3z = 39 or x = 13.

Solution 2

In any right-angled triangle, the three vertices are equidistant from the midpoint of the hy-

potenuse.

The right angle is at (), so this means that the hypotenuse of APQR is PR.

The coodinates of P are (2,0) and the coordinates of R are (z,3), so the coordinates of the
2 3

midpoint of PR is at st —>.

2 72
The length of PR is

Vi —2)2+32=+v22 42+ 13
The distance from ) to the midpoint of PR is half of v/x? — 4x + 13, which leads to the
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16.

17.

equations

1 9 2 2
SV —dr+ 1 :\/(11— ;x) +(—3—§>

VST - 2\/(202—1‘)2+ (_9)2

20 — 2 2
w2 (22 2o 3

2 — 4 +13 = (20 — ) + (—9)?
2? — 4z + 13 = 2% — 40z + 400 + 81
362 = 468
r =13

It can be checked that if the coordinates of R are (13,3), that the side lengths of APQR are
V40, v/90, and /130, which are indeed the lengths of the sides of a right-angled triangle.
ANSWER: 13

Using that 3 is a solution to z? — 7z +k = 0 we have that 3> —7(3) +k =0or k =21 —9 = 12.
This means 22 — 7x + k is 22 — 7x + 12 = (x — 3)(x — 4), the roots of which are 3 and 4, which
means a = 4.
The polynomial 2 —8x+k+1 factors as (x —b)(z —¢), so upon expanding the latter expression,
we have bce =k +1=12+1 = 13.
Therefore, a + bc = 4 + 13 = 17.

ANSWER: 17

For positive z,

9(f(z)) = logs(9f(x))

= log5(9 x 9%)

= 10%3(9x+1)
= log,((3%)")
_ 10g3(32x+2)
= (22 + 2) logs(3)
=2x+2

A similar calculation shows that

flg(2)) = 9@
— qlogs(18)
_ 32log5(18)
_ (310g3(18)>2
=182
=324

324 — 2

Therefore, 2z + 2 = 324 so © = = 161.
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18.

19.

20.

ANSWER: 161

If 2022% = 1, then 2 = 0. This means we have 2sin?# — 3sinf + 1 = 0.

The expression on the left can be factored to get (sinf — 1) (2sinf — 1) = 0.
1
5.

Therefore, the given equation is true exactly when sin = 1 or sinf =
Since 0° < 6 < 360°, the only value of # with sinf =1 is 8 = 90°.

1
The only values of 8 with sinf = 5 are 6 = 30° and 6 = 150°.

Therefore, the answer is 90° + 30° + 150° = 270°.
ANSWER: 270°

The distance from point A to each of points B, D, and [ is 1.

Since ABCD is a square of side length 1, the Pythagorean theorem implies that the distance
from A to C is V12 + 12 = /2.

A similar calculation shows that the distance from A to K is v/2 and the distance from A to
0 is V2.

To compute the distance from A to M, observe that AAOM is right-angled at O with OM = 1,
so the distance from A to M is VAO2+OM?2 =+/2+ 1 =+/3.

The distance from A to J is 2 which is greater than V2.

Notice that J is the closest point to A among the points J, L, N, P, E, F, G, and H, so none
of these points can be a distance of v/2 from A.

Therefore, the points that are at a distance of v/2 from A are C, K, and O, for a total of 3.
By symmetry, there will be a total of 3 points at a distance of v/2 from each of B, C, D, E, F,
G, and H.

Next consider point K. By reasoning similar to that which is above, each of F, F, G, and H
has a distance of at least 2 > /2 from K.

Applications of the Pythagorean theorem can be used to show that the points that are /2 away
from K are A, C, O, N, and J, for a total of 5 points.

By symmetry, there are a total of 5 points at a distance of /2 from each of I, J, L, M, N, O,
and P.

We have counted 3 points at a distance of v/2 from each of the 8 points A through H, and 5
points at a distance of /2 from each of the 8 points from I through P.

This is a total of 8 x 3+ 8 x 5 = 64.

The lengths of the line segments were counted once for each end point, which means the total
of 64 counts every distance of V2 twice.

Therefore, the answer is 5= 32.
ANSWER: 32

Label the centre of the circle by O, the point of tangency of AB with the circle by E, and the
point of intersection of OF with C'D by F"

B E A

C F

:
@)



2022 CTMC Solutions Page 14

21.

Let EF = z. Then AD = x, so AB = 4z, which means C'D = 4x because ABCD is a rectan-
gle.

Using circle properties, OF is perpendicular to AB, and since AB is parallel to C'D, we also
have that OF, and hence, OF, is perpendicular to C'D.

We now have that AOF' D is right-angled at F', and AOFC' is also right-angled at F'.

Since OC" and OD are radii of the same circle, they must be equal.

Triangles OF D and OFC' also share side OF', so they are congruent by hypotenuse-side simi-
larity.

Therefore, F' is the midpoint of C'D, so DF = 2x.

It is given that the radius of the circle is \/5, which implies that OF = V5 — 2z and OD = /5.
By the Pythagorean theorem, OF? + DF? = OD?, and after substituting the lengths computed
earlier, this leads to the following equivalent equations:

(V5 =)’ +(20)" = V5’
5—2vVh1 + 2% + 42 =5
522 — 2v/52 =0
z(5z — 2v5) =0
this implies that either = 0 or 5z = 2/5.
We cannot have & = 0 since « is the side-length of a rectangle. Therefore, 5z = 2v/5 or © =
2 8 16

Th f ABCD is x(42) = —= X —= = —.
e area o is x(4x) 7 X N

B

ANSWER: %

Solution 1

Suppose ABC'D has side length x and let G be on AC' so that EG is perpendicular to AC. Set
GE =y.

A

When the paper is folded, B lands on AC and F does not move.

This means that /BAFE = Z/GAFE. As well, ZAGE = ZABFE = 90° by construction.

Since AABFE and AAGE have two angles in common, they must have three angles in common.
They also share side AE, so they must be congruent.

The area of AECF is the sum of the areas of AAEC and AAFC.

By symmetry, AAFC' is congruent to AAFEC, which means the area of AECF' is

; (% < AC % GE) _ (AC)(GE)
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22.

23.

The length of AC is v/2z since it is a diagonal of a square with side length z.

Therefore, the area of AECF is \/§xy

The area of the shaded region is twice the area of AAGE, and since AAGE is congruent to
ANABE, we have AG = AB = z, so the shaded region has area

2 G « AG x GE) — (AG)(GE) = 2y

Ty 1

Therefore, the fraction we seek is Vorg o
Solution 2

Let the side length of the square be 1, set BE = x, and define GG as in Solution 1.

Using the argument from Solution 1, we get that GE = x as well.

Since AC' is the diagonal of a square, AABC' is isosceles with ZABC' = 90°, which means
LACE = 45°.

Since ZCGE = 90° by construction, ACGE is an isosceles right triangle, so CE = v2GE.
We also have that CE = BC — BE =1 —x and GE = x, so this means 1 — x = V2.

1 1 V2-1
V21 V24l Va1
Using the argument from Solution 1, AABE, ANAGE, NAGF, and AADF are all congruent.
This means the area of the shaded region is equal to twice the area of AABE, which is

1
2(§><AB><BE):x:\/§—1

The area of AEF (' is the area of the square minus the combined area of AABFE and AADF.
This means the area of AEFC' is 1 minus twice the area of AABE, or 1 — (\/5 —1)=2- V2.
Therefore, the ratio is

V2 -1 V2 -1 1

°2-V2 V2WV2-1) V2

Solving for =, we get z = 2—1.

ANSWER:
Factoring 2 + 22 — 2y — yz, we have z(x + 2) — y(z + 2) or (z — y)(z + 2).

Therefore, the integers x, y, z, and p satisfy (z —y)(z +2) = —p or (y —z)(z + 2) = p.
Because p is a prime number and y — x and x + z are integers, it must be that (y —x,z + z) is
a factor pair of p.

Observe that y + 2z = (y — ) + (x + z), so y + z must be equal to the sum of the integers in a
factor pair of p.

Since p is a prime number, there are only two ways to express p as the product of two integers,
and they are p = (—1) X (—p) and p =1 x p.

The sum of the factors in these products are —p — 1 = —(p + 1) and p + 1, respectively.

Therefore, y + 2z = j:(p+ 1), SO Iy + Z| =p+ L
ANSWER: p+1

We can categorize the 64 small cubes into four groups: 8 cubes that are completely in the
interior of the larger cube (and are completely invisible), 4 x 6 = 24 “face cubes” that have
exactly one of their faces showing, 2x 12 = 24 “edge cubes” that have exactly two faces showing,
and 8 “corner cubes” that have 3 faces showing.

Notice that 8 + 24 + 24 4+ 8 = 64, so this indeed accounts for all 64 small cubes.

The diagram below has all visible faces of the smaller cubes labelled so that faces of edge cubes
are labelled with an E, faces of face cubes are labelled with an F, and faces of corner cubes are
labelled with a C:
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24.

5%
7
vd

E|F | F | E %
9
7

rrf

&=

NEANGANGANE

7

Each of the 8 corner cubes has 3 of its faces exposed.
Because of the way the faces are labelled on the small cubes, each of the 8 corner cubes will
always contribute a total of 1 + 1+ 2 = 4 to the sum of the numbers on the outside.
Regardless of how the small cubes are arranged, the corner cubes contribute a total of 8 x4 = 32
to the total of all numbers on the outside of the larger cube.
The edge cubes can each show either a 1 and a 1 or a 1 and a 2, for a total of either 2 or 3.
Thus, each edge cube contributes a total of either 2 or 3 to the total on the outside of the larger
cube.
This means the smallest possible total that the edge cubes contribute is 24 x 2 = 48, and the
largest possible total that they contribute is 24 x 3 = 72.
Notice that it is possible to arrange the edge cubes to show any total from 48 to 72 inclusive.
This is because if we want the total to be 48 + k where k is any integer from 0 to 24 inclusive,
we simply need to arrange exactly k of the edge cubes to show a total of 3.
Each of the face cubes shows a total of 1 or a total of 2. There are 24 of them, so the total
showing on the face cubes is at least 24 and at most 24 x 2 = 48.
Similar to the reasoning for the edge cubes, every integer from 24 to 48 inclusive is a possibility
for the total showing on the face cubes.
Therefore, the smallest possible total is 32 + 48 + 24 = 104, and the largest possible total is
32472+ 48 = 152.
By earlier reasoning, every integer between 104 and 152 inclusive is a possibility, so the number
of possibilities is 152 — 103 = 49.

ANSWER: 49

The sum of the positive integers from 1 to 9 inclusive is 45. Since each row sum must be the
same, this means each row must be one third of 45 which is 15.

In the second row, the first two cells contain the integers 1 and 8, so the third must contain
15-8—-1=6.

The integers that still need to be placed are 2, 3, 4, 5, 7, and 9.

Notice that 15 — 9 = 6 and that 2 and 4 are the only two integers in this list that have a sum
of 6.
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Therefore, the integers 9, 4, and 2 must be in one of the remaining rows and the integers 3, 5,
and 7 must be in the other.

In fact, if the integers are placed in such a way that all conditions are satisfied and the top and
bottom rows are exchanged, all properties will still be satisfied and the column products will
not have changed.

Therefore, we can assume that 2, 4, and 9 are in the top row.

This gives six possible ways to fill in the top two rows. They are shown below.

The digits that remain to be placed are 3, 5, and 7.

We will first focus on the first partially filled in grid in which the first row contains 2, 4, and 9
from left to right.

The third column already contains 9 and 6. The integer to be placed in the third column in
the bottom row is at least 3, so this means the third column product is at least 9 x 6 x 3 = 162.
By similar reasoning, the first column product is at most 2 x 1 x 7 = 14.

Therefore, no matter how the remaining integers are placed, the difference between the largest
and smallest column product will be at least 162 — 14 = 148, which is greater than 40.
Therefore, the 2, 4, and 9 cannot be placed in that order.

In the second grid, the second column product is at least 9 x 8 x 3 = 216 and the first column
product is at most 2 x 1 x 7 = 14, so the difference between the largest and smallest column
product is at least 216 — 14 = 202 which is greater than 40, so the 2, 4, and 9 cannot be placed
in the order 2, 9, 4, either.

By similar reasoning, the third and fourth possibilities above can be eliminated.

Therefore, the top row must contain, from left to right, either 9, 2, and 4, or 9, 4, and 2.

If the 5 is placed in the third column of the grid below,

9124
1,186

then the third column product will be 4 x 6 x 5 = 120.

This would mean that the largest the first column product can be is 9 x 1 x 7 = 63.

This would lead to the largest and smallest column products having a difference greater than
40, so 5 cannot be placed in the third column.

If 7 is placed in the third column, the difference between the largest and smallest column
products would be even larger, so the 3 must be placed in the third column.

By similar reasoning, the 3 must be placed in the second column of the last grid.

We have now reduced to four possible ways to place the integers, and they are shown below
with the column products given below each column.

91 2 | 4 912 |4 914 | 2 914 | 2
1 8 | 6 1186 1186 1186
5 7 |3 71513 51 3 |7 71315
45 112 72 63 80 72 45 96 84 63 96 60
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25.

The column products in the first grid are 45, 112, and 72. Since 45 and 112 differ by more than

40, this grid does not satisfy the conditions.

The column products in the second grid are 63, 80, and 72.

The difference between the largest and smallest column product is 80 — 63 = 17 which is less

than 40, so this grid satisfies all of the conditions.

Its largest column product is 80, so 80 is one of the possibilities.

The column products in the third grid are 45, 96, and 84. Since 96 and 45 differ by more than

40, this grid does not satisfy the conditions.

The column products in the fourth grid are 63, 96, and 60.

The difference between the largest and smallest column product is 96 — 60 = 36 which is less

than 40, so this grid satisfies all of the conditions.

Its largest column product is 96, so 96 is another possibility.

We have shown that there are exactly two ways to arrange the integers so that the conditions

are satisfied, and the largest column products in these two arrangements are 80 and 96.
ANSWER: 80, 96

The solution will use two facts. The first is a general fact about triangles.

Fact 1: Suppose AQRS has X on QR and Y on SR so that XR = 2QX and YR =2SY. If
Z is the point of intersection of QY and SX and W is the point where the extension of RZ
intersects .S, then WR =5WZ.

The second fact that we will use is specific to the question.

Fact 2: The point M is on the line segment connecting D to E so that M D = 2EM.
(Note: this justifies the fact that £ H and C'M intersect as implied by the problem statement.)

We will answer the question before proving the two facts.

To start, we will show that the altitude of tetrahedron ABC'D is 5 times that of EBCP.

Let K be the point where the line through DP intersects AABC and let L be the point in
AABC so that DL is perpendicular to AABC, and let V' be the point on AABC so that PV
is perpendicular to AABC.

By construction, DL is the altitude of ABC'D from A to AABC and PV is the altitude of
EBCP from P to AEBC.
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By Fact 2, M is on DFE so that M D = 2EM and H is on DC' so that HD = 2C'H by assump-
tion.

By Fact 1, KD =5KP.

Since AK PV and AK DL share an angle at K and both have a right angle, the triangles are
similar. PV KP 1

This means DL-KD &

Thus, the length of the altitude of ABCD is five times that of EBCP.

Since E is the midpoint of AB, the area of AEBC' is half that of AABC.

Thus, the base area of tetrahedron FBC'P is half that of tetrahedron ABC' D, while the heights

are in ratio 1 : 5, which means that the volumes are in the ratio 1 : 10.

Now for the proofs of the facts.

Proof of Fact 1
We will first show that the height of AQZS from Z is one fifth the height of AQRS from R.

Suppose AQZS has height h; from Z and AQRS has height hy from R. The first goal is to

1
show that — = .

2
1 1
The area of AQZS is E(QS)hl and the area of AQRS is §(QS)h2.

Thus, if we take the ratio of their areas we get

LSy

5(QS)he Do
and so the ratio of their heights is the same as the ratio of their areas.
h 1
This means we can show that h—l =z by showing that the area of AQRS is 5 times the area

of AQZS. ’
To do this, draw a line from R to Z and label the areas of AQXZ, ARXZ, ARY Z, ANSY Z,
and AQZS by Ay, Ag, Az, Ay and As, respectively.
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We will now make several observations about the areas A; through As.
Since AQXZ and ARXZ have the same altitude from Z to QR and their bases satisfy
XR=2QX, we get that

A2 = 2A1 (]_)

By similar reasoning, we also get the equations

Az =24, (2)
A+ Az + Ay = 2(A) + A5) = 2A; + 245 (3)
Aj 4+ A+ Ay = 2(As + A5) = 24, + 245 (4)

Substituting Equation (1) into Equation (3) gives Ay + A3 + Ay = Az + 2A; which simplifies
to Ag + A4 = 2A5

Substituting Equation (2) into Equation (4) gives A; + As + A3 = Az + 2A5 which simplifies
to Al + A2 = 2145

Adding A + Ay = 2A5 and Ay + Ay = 2A;5 gives A) + Ay + Az + Ay = 4As5.

Adding As to both sides gives Ay + As + Az + Ay + A; = 5As5, which exactly says that the area
of AQRS is five times that of AQZS.

We will now let 7" be the point on Q.S so that RT' is perpendicular to Q.S and let U be on WT
so that ZU is perpendicular to RW.

R

Z
AN
W U T

Note that ZU is the height of AQZS from Z and RT is the height of AQRS from R, so we
know that RT = 5ZU.

Since ZWUZ = Z/WTR =90° and ZZWU = ZRWT, AZWU is similar to ARWT.

ZU 1 WZ
Since RT 5 we get that WE- & which proves the fact.

Proof of Fact 2

FD 2 GD
Consider AADB and AFDG. It is given that 1D -3~ BD and since the triangles have a
common angle at D, they are similar by side-angle-side similarity.

Let N be the point at which DFE intersects F'G.
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A B B

Since AADB is similar to AFDG, /ZDFN = /DAFE.

We also have that ZFDN = ZADEFE since they are the same angle, which implies that AFDN
is similar to AADE since if two triangles have two angles in common, they must have three
angles in common.

S FD 2 Jarity ol FN 2
—— = —, simila S — = .

ince —— = 3, similarity implies —— = 2

S _GN 2

y similar reasoning, —— = .

2 2
Rearranging these two equations leads to F'N = §AE and GN = §BE , but F is the midpoint

of AB, so AE = BE, and hence, FN = GN.
This means N is the midpoint of F'G, so M = N, which shows that M is on DF since N is on

DE.
MD FD 2
Finally, since AFDM and AADE are similar, that —— = = —, which means that M is

ED  AD 3
on DE so that MD =2EM.

1

ANSWER: 5
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Relay Problems
(Note: Where possible, the solutions to parts (b) and (c) of each Relay are written as if the value of
t is not initially known, and then ¢ is substituted at the end.)

0. (a)

(b)

(c)

245x5 _ 2425 _ 20 _
3 3 3
1
The area of a triangle with base 2t and height 2t — 6 is 5(215)(215 —6) or t(2t — 6).
The answer to (a) is 9, so t = 9 which means (2t — 6) = 9(12) = 108.

Since AABC' is isosceles with AB = BC, it is also true that /BCA = ZBAC.
The angles in a triangle add to 180°, so

Evaluating,

180° = LABC + LBAC + ZBCA
= /LABC +2/BAC
=t +2/BAC

The answer to (b) is 108, so ¢ = 108. Therefore,

1 1 1
/BAC = 5(1800 —t°) = 5(1800 —108°%) = 5(720) = 36°.
ANSWER: 9, 108, 36°

2. .
< — implies

1 3
33 = < 33 2
11 3
which simplifies to 3 x [ < 22.

The largest multiple of 3 that is less than 22 is 3 x 7, so this means the number in the box

cannot be larger than 7.
7T 21 2 22

Since 33 is positive,

Indeed, — = — is less than — = —, so the answer is 7.
11 33 3 33
—t—9
Rearranging the equation, we have 2oz = —t — 9 or x = 7 SO
—t—9 —t—9+38 —t—1
4 = 4 = =
v > 2 2
o . . . . -7—1
Substituting ¢ = 7 into this equation gives x 4+ 4 = = —4.

2
The vertices of the triangle are the origin and the points at which the line intersects the
x- and y-axes.

When y =0, WegetOth—l—Gsox:T.
When z = 0, we get y = £(0) + 6 so y = 6.
The triangle is right-angled at the origin, its height is 6, and its base the distance from

_T to the origin.

—6 6
If ¢ is negative, then the base is - and if ¢ is positive, then the base is 7

Therefore, if ¢ is negative, then the area of the triangle is

1 - -
—><6><—6:—18
2 t t



2022 CTMC Solutions Page 23

(c)

and if ¢ is positive, then the area of the triangle is

1 6 18
—X0X—-=—
2 t
. S . : . —18 9
Since t = —4 which is negative, the area of the triangle is —1 "5

ANSWER: (7,—4,9)

The prime numbers between 10 and 30 are 11, 13, 17, 19, 23, and 29, which means x = 6.
24 -2 2

Factoring the numerator in r—- gives (x )z +2) which is equal to x — 2 as long as
x+2 x+2

x # 2.

Since x = 6, the answer is 6 — 2 = 4.

Let A be the number of beans that Alida has, B be the number of beans that Bono has,
and C' be the number of beans that Cate has.
The given information translates to

A+B=6t+3
A4+C=4t+5
B+C =6t

Adding these three equations together gives 2(A + B + C') = 16t + 8, which implies
A+ B+ C =8t+4.
Subtracting A+ C = 4t 4+ 5 from A+ B + C' = 8t + 4 gives

B=(A+B+C)—(A+C)=(8t+4)— (4t +5)=4t—1

Substituting t = 4 into B = 4t — 1 gives B = 4(4) — 1 = 15.

Suppose z is the real number such that 22 — ¢tz 4+ 36 = 0 and 2% — 8x +t = 0.
Therefore, we get that 22 — tx + 36 = 2> — 8z +t which can be rearranged to get 36 —t =
tr —8x = (t — 8)x.

o . 36—t
Dividing by t — 8 gives x = P
36 —15 21 5
5-8 7

Substituting t = 15 gives x =

ANSWER: (4,15,3)

A cube with edge length z has six square faces with area 2, so its surface area is 622
This means 622 = 1014 so 2% = 169.

Since z is an edge length, it is positive, so z = /169 = 13.

Multiplying through by 3(t + z) gives 3(5 + z) = 2(t + x).

Expanding gives 15 + 3z = 2t 4+ 22 which can be rearranged to z = 2t — 15.
Substituting ¢t = 13 gives z = 2(13) — 15 = 11.

Let £ be on AD so that BE is perpendicular to AE.
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A
t—4
Ej
4 4
[ ] []
D t+13 C

Quadrilateral BCDFE has three right angles, which means that it must have four right

angles.

This means that quadrilateral BCDFE is a rectangle, so BE = CD =t + 13.
We also have that ED = BC' =4, s0 AE = AD — DE =t — 4.

By the Pythagorean theorem applied to AAEB, we get

AB? = (t —4)* + (t + 13)* = 2¢> + 18t + 185

Since AB is positive, AB = /2t2 + 18t + 185.
Since t = 11,

AB = /2(121) + 18(11) + 185 = /242 + 198 + 185 = /625 = 25
ANSWER: (13,11, 25)



