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CEMC at Home

Grade 9/10 - Monday, March 23, 2020
Addition Magician
You Will Need:
e Two players

e A piece of paper and a pencil

How to Play:
1. Start with a total of 0 (on the paper).

2. The two players will alternate turns changing the total. Decide which player will go first.

3. On your turn, you can add 1, 2, 3,4, 5,6, 7, 8,9, or 10 to the total.

Numbers may be used more than once throughout the game.

4. The player who brings the total to 52 wins the game!
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Player 2 adds 6 Player 2 adds 10 Player 2 adds 10

Play this game a number of times. Can you come up with a strategy that will allow you to win
most of the time? What about every time? Is it better to go first or second or does this not matter?

Variations:
e How would your strategy change if the game was played to 55 instead of 527

e What would your strategy be if the players are allowed to use the numbers from 1 to 15 but
must play to 300 (instead of to 52)7

e What would your strategy be if the players are allowed to use the numbers from 1 to n, with
n > 1, but must play to a total of T" where T' is some positive integer larger than 3n?

More Info:

Check out the CEMC at Home webpage on Monday, March 30 for a discussion of a strategy for this
game. We encourage you to discuss your ideas online using any forum you are comfortable with.

We sometimes put games on our math contests! Check out Question 2 on the 2003 Hypatia Contest
for another game where we are looking for a strategy.


https://www.cemc.uwaterloo.ca/contests/past_contests/2003/2003HypatiaContest.pdf
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CEMC at Home
Grade 9/10 - Monday, March 30, 2020

Addition Magician - Solution

The Strategy

You likely noticed that the player that brings the total to 42, 43, 44, 45, 46, 47, 48, 49, 50, or 51
generally loses the game on the next turn. The next player can reach 52 by adding 10, 9, 8, 7, 6,
5,4, 3, 2, or 1, respectively, and so will win the game as long as they choose the correct number.
Therefore, the player that brings the total to 41 is guaranteed to be able to bring the total to 52 on
their next turn.

Using similar reasoning, the player that brings the total to 30 is guaranteed to be able to bring the
total to 41 on their next turn. Also the player that brings the total to 19 is guaranteed to be able
to bring the total to 30 on their next turn, and the player that brings the total to 8 is guaranteed to
be able to bring the total to 19 on their next turn.

Putting all of this together, we see that there is a strategy that guarantees a win for the first player,
regardless of what the second player does. (This is what is called a winning strategy for the game.)
The first player starts by adding 8 to the total of 0. In the turns that follow, the first player will add
whatever is needed to bring the totals to 19, 30, 41, and then 52. Our analysis above explains why
this is always possible within the rules of the game.

Notice that the target numbers 8, 19, 30, 41, and 52 all differ by 11. We can describe the strategy
more concisely as follows: Go first and start by adding 8. For all turns that follow, if the other player
adds n, then you add 11 — n.

The Variations

e In the first variation, the winning total is 55 which is a multiple of 11. A winning strategy in
this variation is to go second and, on each turn, if the other player adds n, then add 11 —n, so
that the total changes by 11 in total over the two turns. For example, if they add 4 then you
add 7. This way the second player will bring the total to 11, 22, 33, 44, and then 55 to win.

e In the second variation, the player that brings the total to a number between 285 and 299
inclusive will generally lose the game since the next player can reach 300. Since the allowable
numbers in this variation are 1 to 15, we focus on multiples of 16. Since 300 is 12 more than a
multiple of 16, the winning strategy is to go first and start with 12. Then, if the other player
adds n, you add 16 — n, so that the total changes by 16 over the two turns. For example, if
they add 7, you add 9. The first player can always bring the total to the next number that is
12 more than a multiple of 16, eventually reaching 300 to win.

e In the third variation, we need to consider different cases for T

If T is a multiple of n 4+ 1, then go second. Whatever number the other player chooses, you
choose the number that totals n + 1 when summed with their chosen number. This means you
will bring the total to each multiple of n+ 1, in turn, eventually reaching 7. (The first variation
above is an instance of this case.)

If T" is not a multiple of n + 1, then go first. Find the remainder when 7T is divided by n + 1
and start with this number. Whatever number the other player chooses, choose the number
that totals n» + 1 when summed with their chosen number. Eventually you will bring the total
to T. (The second variation above is an instance of this case.)
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CEMC at Home

Grade 9/10 - Tuesday, March 24, 2020
Crossnumber Puzzle

Use the clues on the next page to complete the crossnumber puzzle below. Each
square of the grid will contain exactly one digit. Notice that some answers can be
found using only the given clue, and some need the answers from other clues.

You may need to do a bit of research before you can figure out some of the clues!

More Info:

Check out the CEMC at Home webpage on Tuesday, March 31 for a solution to
the Crossnumber Puzzle. We encourage you to spend some time discussing and
investigating the references in this puzzle that are new to you.



Across

1. The sum of the squares of the first three
primes.

3. The number of years the Grinch put up with
the Whos’ Christmas cheer.

5. A perfect cube.

8. With , a factor pair of 832.
9. 6!

10. A Mersenne prime.

11. The Hardy-Ramanujan number.

13. 25% of 300.

14. How much you spent if you received $4.17
in change from $10.

16. The prime factorization of 140.
19. A Fibonacci number.

20. A multiple of 11.

22. The smallest number in this grid.

23. The third side of a right triangle with
hypotenuse and other side
39 Across|.

24. A triangular number.

25. The number of bits in 5 bytes.
26. The number 9 in binary.

29. A palindrome.

31. The freezing point of water in degrees
Fahrenheit.

32. MMDXIII.

35. |32 ACROSS |- |16 ACROSS] .

37. The balance after investing $100 at 3%
simple interest for 8 years.

39. The same digit repeated.
40. The 11th, 12th, and 13th digits of pi.
41. ASCII value of lowercase b.

42. Atomic number of silver.

Down

1. Consecutive digits in decreasing order.

2. 1000 less than the year of Canada’s
Confederation.

3. The number of clues in this puzzle.

4. The number of edges in an icosahedron.

5. The digits of in reverse order.
6. The least common multiple of 6 and 7.

7. The number 55 in hexadecimal.

9. The last digit is the average of the first two
digits.

12. The middle digit is the sum of the other
two digits.

13. The smallest Achilles number.

15. The number of legs on a farm that has 24
chickens, 18 pigs, and 33 spiders.

17. The number of years in 5 centuries.
18. Sheldon Cooper’s favourite number.

19. The sum of the interior angles of a triangle.

21. |9 ACROSS| + |29 ACROSS | .

23. The number of Mozart’s last symphony.

25. The total value (in cents) of 9 quarters, 12
dimes, and 14 nickels.

27. Consecutive multiples of 3.
28. The number of sides in a dodecagon.
30. A perfect square.

33. Blaise Pascal’s year of birth subtracted
from Carl Gauss’ year of birth.

34. Consecutive odd numbers.

35. The greatest common divisor of
|13 Across|and [17 DOwN] .

36. The number of minutes in 3480 seconds.

37. The sum of the digits of .

38. The number of days in 2 fortnights.
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CEMC at Home

Grade 9/10 - Tuesday, March 24, 2020
Crossnumber Puzzle - Solution
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CEMC at Home

Grade 9/10 - Wednesday, March 25, 2020
Build A Banner

A computer program can be used to draw banners consisting of squares and triangles. The program
makes use of the following five instructions:

Instruction Meaning
S Draw a large square
S Draw a small square
T Draw a large triangle
t Draw a small triangle
N[I] Repeat the instructions, I, exactly N times

For example, the program s 2[T t] S draws the following banner:

Questions:

1. Given the program t 4[s] T 3[t S], draw the corresponding banner.

2. Create two different programs that will draw the following banner:

R

3. Given the program 2[2[s S] t TJ], draw the missing shapes in the following banner:

'."‘?""W—-,.-ﬁ.-ria"‘“?”'r

4. Given the incomplete program ?[2[?] t ?[s T 7]], complete the missing instructions
in order to draw the following banner:

..‘.v..v..vl.-"- vnvl‘l‘i.
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5. Suppose you want to draw the following banner:

Vygy yuv®™

You create the program 2[S T t] 2[T S s] which incorrectly draws this banner:

'"]Il“|]rwr]||m"rr,,,",III,[1|'r]IIf‘““

What are the mistakes in your program?

6. A new instruction named if is now available to you. The instruction (a:b/c) means that if
the previous shape drawn was a, then the next shape drawn is b. If the previous shape drawn
was not a, then the next shape drawn is C.

For example, the program s (s:8/t) (t:T/s) draws the following banner:

For each program in parts (a) to (f), decide whether or not it will draw the following banner:

(a) 2[T (t:T/t)]

(b) T (T:t/s) (t:T/S)
(¢) T 2[(t:T/t)]

(d) t (t:T/s) (s:S/t)
(e) T (T:t/S) (S:s/T)
(f) 3[(T:t/T)]

7. Try creating your own new instructions. Perhaps add new shapes, or new capabilities such as

chaining shapes vertically. Swap programs with a friend or family member and try to draw
each other’s banners.

More Info:
Check out the CEMC at Home webpage on Wednesday, April 1 for the solutions to these questions.

This task exercises your computational thinking muscles! For more information on how this task
relates to computer science, check out Chain on the 2016 Beaver Computing Challenge.


https://cemc.uwaterloo.ca/contests/past_contests/2016/2016BCCContestSolutions9_10.pdf
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CEMC at Home

Grade 9/10 - Wednesday, March 25, 2020
Build a Banner - Solution

.t 4[s] T 3[t S]

m ...v'“f‘---

One possible programis s T s Tt S t S.
Another possible program is 2[s T] 2[t S].

2[2[s S] t TI

. |
gy ya v
2[2[S] t 3[s T s]]

The small triangle instruction, t, and the small square instruction, s, should be moved outside
of their repeating blocks. The correct program is 2[S T] t 2[T S] s.

«

(a) No. The program draws this banner:

(b) Yes
(¢) Yes
(d) No. The program draws this banner:

(e) Yes

(f) No. The program is invalid and will not draw any banner. The first instruction is the new
if instruction, but there is no previously drawn shape that it can use in order to make a
decision about what to draw next.
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CEMC at Home features Problem of the Week

Grade 9/10 - Thursday, March 26, 2020
What’s that Total?

We know the following about the numbers a, b and c:
(a+b)?=09, (b+c)? =25 and (a + c)* = 81.

If a4+ b+ c > 1, determine the number of possible values for a + b + c.

More Info:

Check the CEMC at Home webpage on Thursday, April 2 for the solution to this problem.
Alternatively, subscribe to Problem of the Week at the link below and have the solution, along with
a new problem, emailed to you on Thursday, April 2.

This CEMC at Home resource is the current grade 9/10 problem from Problem of the Week
(POTW). POTW is a free, weekly resource that the CEMC provides for teachers, parents, and
students. Each week, problems from various areas of mathematics are posted on our website
and e-mailed to our subscribers. Solutions to the problems are e-mailed one week later, along
with a new problem. POTW is available in 5 levels: A (grade 3/4), B (grade 5/6), C (grade
7/8), D (grade 9/10), and E (grade 11/12).

To subscribe to Problem of the Week and to find many more past problems and their solutions
visit: https://www.cemc.uwaterloo.ca/resources/potw.php



https://www.cemc.uwaterloo.ca/resources/potw.php
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& Problem of the Week

&
Problem D and Solution

What’s that Total?

Problem
We know the following about the numbers a, b and c:

(a+0b)?=09, (b+c)? =25, and (a + c)* = 81.

If a+b+c>1, determine the number of possible values for a + b+ c.

Solution

Since (@ +b)* =9, a + b= £3. Since (b+ ¢)? = 25, b+ ¢ = 5. And since
(a+c)?=81,a+c=49.

Now (a+b) + (b+c¢) + (a4 ¢) = 2a 4+ 2b+ 2¢c = 2(a + b + ¢). This quantity is
two times the value of the quantity we are looking for.
The following chart summarizes all possible combinations of values for a + b, b+ c,

and a + ¢ and the resulting values of 2a 4+ 20 + 2c and a + 0 + ¢. The final column
of the chart states a yes or no answer to whether the value of a + b+ cis > 1.

a+b+c>17
a+b b+c a+tc 20 +2b+2c | a+b+c (ves / no)
3 5 9 17 8.5 yes
3 5 -9 —1 —0.5 no
3 -5 9 7 3.5 yes
3 —5 -9 —11 —5.5 no
-3 5) 9 11 5.9 yes
-3 5 -9 -7 —3.5 no
-3 —5 9 1 0.5 no
-3 -5 -9 —17 —8.5 no

Therefore, there are three possible values of a + b + ¢ such that a +b+ ¢ > 1.

It should be noted that for each of the three possibilities, values for a, b, and ¢
which produce each value can be determined but that was not the question asked.

Oheio
i

A o
e

4
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CEMC at Home
Grade 9/10 - Friday, March 27, 2020

Hexominoes

A hexomino is a geometric shape composed of six equal-sized squares which are connected at one
or more edges. Below are a few examples of hexominoes. Try drawing a few others yourself.

On the last page you will find 35 hexominoes drawn and numbered. Every other hexomino can be
obtained by translating, rotating, or reflecting one of these 35 hexominoes, possibly using a com-
bination of these transformations. In the following activities, you will be free to translate, rotate,
and reflect the 35 shapes as needed to complete the tasks. The collection of shapes that we will be

working with are sometimes called the 35 free hexominoes.

Questions:

1. Which of the 35 hexominoes represent the net of a cube? In other words, which hexominoes
can be folded up into a cube? To help visualize this, you can print the hexominoes onto paper,
cut them out, and fold them. Magnetic tiles would also work really well.

2. Cover a 3 x 4 rectangle using two copies of any single hexomino. How many different solutions
can you come up with? (Remember you are free to translate, rotate, and /or reflect the shape.)




3. Cover the 6 x 15 rectangle below using any combination of hexominoes. Can you do so using
each hexomino at most once?

4. Take a 15 x 15 square and cut out a 3 x 5 rectangle from the middle. Cover the remaining
white squares using each of the 35 hexominoes exactly once.




2 3 4 5
] 7 8 5

10 11 12 13 14 15 16
20

17 18 15 21 23

22
25 26 27
24 28 25
il 35
30 32 i3 34

More Info:
Check out the CEMC at Home webpage on Friday, April 3 for the solution to Hexominoes.

When four equal-sized squares are used instead of six, the geometric shapes are called tetrominoes.
Tetrominoes are the building blocks of the original Tetris game.
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CEMC at Home

Grade 9/10 - Friday, March 27, 2020
Hexominoes - Solution

Answers:

1. The following 11 hexominoes represent the net of a cube.

412 #13 #14 #15 416 #17T  #20  #23  #25  #31  #35

2. There are five different solutions using hexominoes #6, #7, #22, #28, and #32.

3. Here is one possible solution.
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4. Here is one possible solution.
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CEMC at Home

Grade 9/10 - Monday, March 30, 2020
Careful Clipping

You Will Need:

e Two players
e 10 paper clips
(or other small objects)

How to Play:

1. Start with a pile of 10 paper clips.

2. Players alternate turns.
Decide which player will go first (Player 1) and which player will go second (Player 2).

3. On your turn, you can remove 1, 2 or 3 paper clips from the pile.

4. The player who removes the last paper clip, loses.

Play this game a number of times. Alternate which player goes first.
Can you determine a winning strategy™ for this game?
Does the winning strategy depend on whether you are Player 1 or Player 27

* A strategy is a pre-determined set of rules that a player will use to play the game. The strategy
dictates what the player will do for every possible situation in the game. It’s a winning strategy
if the strategy allows the player to always win, regardless of what the other player does.

Is there a connection between this game and the game we played on March 23 (Addition Magician)?

Variations:

A. Which player has a winning strategy if the game is won (instead of lost) by the player who
removes the last paper clip? Describe this winning strategy.

B. Which player has a winning strategy if, in addition to variation A, players are instructed to
instead take 1, 3 or 4 paper clips from the pile? Describe this winning strategy.

C. Which player has a winning strategy if, in addition to variations A and B, the pile starts with
14 paper clips? Describe this winning strategy.

More Info:

Check out the CEMC at Home webpage on Monday, April 6 for a solution to Careful Clipping.
We encourage you to discuss your ideas online using any forum you are comfortable with.
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CEMC at Home

Grade 9/10 - Monday, March 30, 2020
Careful Clipping - Solution

The Strategy
Let the two players be Player 1 and Player 2.

You likely noticed that the player that brings the number of paper clips in the pile to 1 is guaranteed
to win the game, and the player that brings the number of paper clips in the pile to 2, 3, or 4 generally
loses the game. This is because the next player can bring the pile to 1 paper clip by removing 1, 2
or 3 paper clips, respectively.

Using similar reasoning, we can show that the player that brings the number of paper clips to 5 is
guaranteed to be able to bring the number to 1 on their next turn, and the player that brings the
number of paper clips to 9 is guaranteed to be able to bring the number to 5 on their next turn. This
means that Player 1 has a winning strategy for this game and it goes as follows:

Start by removing 1 paper clip, reducing the total number of paper clips to 9. On your next turn,
remove whatever number of paper clips are needed to bring the total to 5. On your turn after that,
remove whatever number of paper clips are needed to bring the total to 1. (Our analysis above
explains why each of these moves will be possible within the rules of the game.)

Notice that the “target numbers” (9, 5, and 1) all differ by 4. We can instead describe the strategy
as follows: Go first and start by removing 1 paper clip. For all turns that follow, if the other player
just removed n paper clips, then you remove 4 — n paper clips. (These two turns, combined, will
reduce the number of paper clips by 4.)

The Variations

Variation A

The player that reduces the pile to 1, 2, or 3 paper clips will lose the game since the next player can
remove all of the remaining paper clips. Therefore, you want to be the player that reduces the pile to
4 paper clips as you are guaranteed to be able to win the game on your next turn. Player 1 now has
the following winning strategy: Start by removing 2 paper clips, reducing the pile to 8 paper clips.
On your next turn, remove whatever number of paper clips are needed to bring the total to 4. On
your turn after that, remove all remaining paper clips.

Variations B and C

In each of these variations, players can remove 1, 3, or 4 paper clips on their turn, and you win by
removing the last paper clip from the pile. Player 1 has a winning strategy starting from 10 paper
clips (Variation B) and Player 2 has a winning strategy starting from 14 paper clips (Variation C).
We outline these strategies in the table on the next page by analyzing how to win the game starting
with each of 1 through 14 paper clips, in turn. We give the first move(s) in each strategy and then
give guidance on how to use earlier rows in the table to fill in the rest of the strategy.
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Let the two players be Ally and Bri. In each game, Ally will go first.

Starting Pile | Winner | Reasoning
1 Player 1 | Ally takes the clip and wins.
2 Player 2 | Ally must take 1 clip. Bri takes the remaining clip and wins.
3 Player 1 | Ally takes all 3 clips and wins.
4 Player 1 | Ally takes all 4 clips and wins.
5) Player 1 | Ally takes 3 clips, leaving 2 clips for Bri’s turn.
As above, if a pile has 2 clips, the second player will win.
Since it is Bri’s turn, the second player (starting from 2 clips) is Ally (Player 1).
6 Player 1 | Ally takes 4 clips, leaving 2 clips for Bri’s turn.
As above, if a pile has 2 clips, the second player will win.
Since it is Bri’s turn, the second player (starting from 2 clips) is Ally (Player 1).
7 Player 2 | Ally must take 1, 3, or 4 clips, leaving 6, 4, or 3 clips for Bri’s turn.
As above, if a pile has 6, 4, or 3 clips, the first player will win.
Since it is Bri’s turn, the first player is Bri (Player 2).
8 Player 1 | Ally takes 1 clip, leaving 7 clips for Bri’s turn.
As above, if a pile has 7 clips, the second player will win.
Since it is Bri’s turn, the second player is Ally (Player 1).
9 Player 2 | Ally must take 1, 3, or 4 clips, leaving 8, 6, or 5 clips for Bri’s turn.
As above, if a pile has 8, 6, or 5 clips, the first player will win.
Since it is Bri’s turn, the first player is Bri (Player 2).
10 Player 1 | Ally takes 1 clip, leaving 9 clips for Bri’s turn.
As above, if a pile has 9 clips, the second player will win.
Since it is Bri’s turn, the second player is Ally (Player 1).
11 Player 1 | Ally takes 4 clips, leaving 7 clips for Bri’s turn.
As above, if a pile has 7 clips, the second player will win.
Since it is Bri’s turn, the second player is Ally (Player 1).
12 Player 1 | Ally takes 3 clips, leaving 9 clips for Bri’s turn.
As above, if a pile has 9 clips, the second player will win.
Since it is Bri’s turn, the second player is Ally (Player 1).
13 Player 1 | Ally takes 4 clips, leaving 9 clips for Bri’s turn.
As above, if a pile has 9 clips, the second player will win.
Since it is Bri’s turn, the second player is Ally (Player 1).
14 Player 2 | Ally must take 1, 3, or 4 clips, leaving 13, 11, or 10 clips for Bri’s turn.

As above, if a pile has 13, 11, or 10 clips, the first player will win.
Since it is Bri’s turn, the first player is Bri (Player 2).
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CEMC at Home

Grade 9/10 - Tuesday, March 31, 2020
Splitting Triangles

The CEMC offers many contests to inspire the next generation of mathematicians and computer
scientists. Below is a favourite question from a past Fryer Contest (aimed at Grade 9 students). You
can find a link to an additional question from a past Galois Contest (aimed at Grade 10 students)
at the bottom of the page.

Fryer 2011 Contest, Question 2

In any isosceles triangle ABC' with AB = AC, the altitude AD A
bisects the base BC' so that BD = DC'.

(a) (i) As shown in AABC, AB = AC = 25 and BC = 14. 25 25
Determine the length of the altitude AD.

(ii) Determine the area of AABC.

B D C
<~ 14—

(b) Triangle ABC' from part (a) is cut along its altitude from A to D (Figure 1). Each of the two
new triangles is then rotated 90° about point D until B meets C' directly below D (Figure 2).
This process creates a new triangle which is labelled PQR (Figure 3).

P D R
\U‘/
B\, C Q
Figure 1 Figure 2 Figure 3

(i) In APQR, determine the length of the base PR.
(ii) Determine the area of APQR.

(c) There are two different isosceles triangles whose side 30
lengths are integers and whose areas are 120. One of X 4
these two triangles, AXY Z, is shown. Determine the 17 17
lengths of the three sides of the second triangle. Y
More Info:

Check out the CEMC at Home webpage on Tuesday, April 7 for the solution to Splitting Triangles.

For an extra question from a past Galois Contest try Question 1 from the 2016 Galois Contest.


https://cemc.uwaterloo.ca/contests/past_contests/2016/2016GaloisContest.pdf
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CEMC at Home

Grade 9/10 - Tuesday, March 31, 2020
Splitting Triangles - Solution

Fryer 2011 Contest, Question 2

(a)

(i)

Since AB = AC, then AABC' is isosceles. Therefore, the altitude AD bisects the base

14
BC' so that BD = DC = 5 = 7. Since ZADB = 90°, then AADB is right angled. By

the Pythagorean Theorem, 252 = AD? + 72 or AD? = 25% — 7% or AD? = 625 — 49 = 576,
and so AD = /576 = 24, since AD > 0.

The area of AABC is % x BC x AD or % x 14 x 24 = 168.

Through the process described, AADB is rotated 90° counter-clockwise about D to be-
come APD(Q. Similarly, AADC is rotated 90° clockwise about D to become ARDCQ).
Through both rotations, the lengths of the sides of the original triangles remain unchanged.
Thus, PD = AD =24 and RD = AD = 24. Since P, D and R lie in a straight line, then
base PR = PD + RD = 24 4 24 = 48.

When AADC is rotated 90° clockwise about D, side DC' becomes altitude D@ in APQR.
1 1
Therefore, DQ = DC' = 7. Thus, the area of APQR is 3 X PR x DQ@ or 3 X 48 x 7 = 168.

Note: The area of APQR is equal to the area of ANABC' from part (a)(ii). This is because
ANABC' 1s composed of NADB and NADC, and APQR is composed of rotated copies of
these two right triangles.

(c) Since XY =Y Z, then AXY Z is isosceles. Draw altitude YW from Y to W on X Z. Altitude

YW bisects the base XZ so that XW =W /Z = 3—20 = 15, as shown. Since ZYW X = 90°, then

AYW X is right angled. By the Pythagorean Theorem, 172 = YW? 4+ 152 or YW? = 172 — 152
or YIW? =289 — 225 = 64, and so YW = /64 = 8, since YW > 0. By reversing the process
described in part (b), we rotate AXWY clockwise 90° about W and similarly rotate AZWY
counter-clockwise 90° about W. By the note at the end of the solution to part (b), the new
isosceles triangle and the given isosceles triangle will have the same area. The new triangle
formed has two equal sides of length 17 (since XY and ZY form these sides) and a third side
having length twice that of YW or 2 x 8 = 16 (since the new base consists of two copies of
YW).
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CEMC at Home

Grade 9/10 - Wednesday, April 1, 2020
Where Am I?

Let’s play a game! This is a game without a strategy which makes it different from the other games
we have played so far. All of our moves will be decided by tossing a coin. For this game you will
need to label four different spaces as “bedroom”, “bathroom”, “kitchen”, and “living room”. The
chosen spaces could be actual rooms, or four pieces of paper spread out around a single room, each
having one of these labels. You will also need a coin.

Start in the bedroom (or standing on the paper labelled “bedroom”) and toss the coin. Depending
on the result of the coin toss, move according to the following rules:

e If you are in the bedroom and the coin lands “heads”, move to the living room. If the coin
lands “tails”, move to the bathroom.

e If you are in the bathroom and the coin lands “heads”, move to the kitchen. If the coin lands
“tails”, move to the living room.

e If you are in the kitchen and the coin lands “heads”, move to the living room. If the coin lands
“tails”, move to the bedroom.

e If you are in the living room and the coin lands “heads”, move to the kitchen. If the coin lands
“tails”, remain in the living room.

Continue the process of tossing the coin and moving from room to room until you have tossed the
coin 10 times. The goal of this game is to end up in the kitchen. Which of the four rooms did you
end up in?

The rules of this game can be illustrated using the following diagram.

T

(reom)

athroom

—{ bedroom kitchen

living room
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This diagram is known as a finite-state machine (FSM). The circles (rooms) are the states. The
arrows between circles are called transitions and they describe how to change states depending on
input. The input in our game is a coin toss which resulted in either “heads” (H) or “tails” (T). The
arrow coming from “nowhere” to a circle indicates the start state. In our game the start state is
the bedroom. The double circle indicates an accepting state. An accepting state identifies a desired
outcome. In our game, the desired outcome is the kitchen. Note that depending on your sequence of
inputs (coin tosses) you may or may not have finished the game in the kitchen.

Finite-state machines are models. Using a finite-state machine to model a process allows you to
analyze the process without having to actually implement the process.

Use the FSM model of our game to help you answer the following questions about our game.

Questions:

1. Biyu tosses the coin 6 times with the following results: T H T H T H. Which room does Biyu
finish in?

2. Salmaan tosses the coin 10 times with the following results: T T H T H H T T H T. Which
room does Salmaan finish in?

3. Leticia tosses the coin 7 times with the following results: H H T T 7 T T. If Leticia finishes in
the bathroom, what was the result of her 5th coin toss?

4. Pablo tossed the coin 12 times. His last coin toss landed “tails”. Did Pablo finish in the
kitchen? Yes, no, or maybe (depending on the actual sequence)?

5. Rashida tossed the coin 9 times. Her last coin landed “heads”. Did Rashida finish in the
kitchen? Yes, no, or maybe (depending on the actual sequence)?

6. Armando tossed the coin 3 times. Which room is it not possible for Armando to finish in?

More Info:
Check out the CEMC at Home webpage on Wednesday, April 8 for the solution to Where Am 1?7
At a very abstract level, all computers are finite-state machines, moving from state to state depend-

ing on input received. To learn more about this topic, you can view videos of past Math Circles
presentations such as the ones on Finite Automata recorded in Fall 2018.


https://cemc.uwaterloo.ca/events/mathcircle_presentations_inter.html
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CEMC at Home

Grade 9/10 - Wednesday, April 1, 2020
Where Am I7 - Solution

T

bedroom bathroom

living room

Answers:

START T H T H T H

bedroom | bathroom | kitchen | bedroom | living room | living room | kitchen

Biyu finishes in the kitchen.

START T T H T H H T T H T
bed bath | living | kitchen | bed | living | kitchen | bed | bath | kitchen | bed

Salmaan finishes in the bedroom.

3. After the first 4 coin tosses, Leticia must have ended up in the bathroom. Her 5th coin toss
must have landed either “heads” or “tails”. If it landed “heads”, then she would have moved
to the kitchen, and from the kitchen, her remaining 2 coin tosses would have taken her to
the bathroom. If it landed “tails”, then she would have moved to the living room, and her
remaining 2 coin tosses would have kept her in the living room. Since we are told that Leticia
finished in the bathroom, her 5th coin toss must have landed “heads”.

4. Notice that the only way to arrive in the kitchen is for a coin toss to land “heads”. Since
Pablo’s last coin toss landed on “tails”, it is not possible for Pablo to finish in the kitchen.

5. It is not possible to tell which room Rashida finishes in without knowing the results of her
other coin tosses. For example, suppose her first 8 coin tosses all land “heads”. In this case,
Rashida will not finish in the kitchen. However, if her first 8 coin tosses all land “tails”, then
Rashida will finish in the kitchen.

6. Armando’s 3 coin tosses will result in one of 8 different combinations of “heads” and “tails”.
Trying each combination and tracking which room Armando finishes in reveals that for no
combination does Armando finish in the bathroom.
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CEMC at Home features Problem of the Week

Grade 9/10 - Thursday, April 2, 2020
Go Fly a Kite

Amanda wants to fly a kite. The kite is composed of two isosceles triangles, AABD

and ABCD. The height of ABCD is 2 times the height of AABD, and the width
of the kite, BD, is 1.5 times the height of the larger triangle.

If the area of the kite is 1800 cm?, what is the perimeter of the kite?

Did you know that in an isosceles triangle the altitude to the unequal side of the
triangle bisects that unequal side?

More Info:

Check the CEMC at Home webpage on Thursday, April 9 for the solution to this problem.
Alternatively, subscribe to Problem of the Week at the link below and have the solution, along with
a new problem, emailed to you on Thursday, April 9.

This CEMC at Home resource is the current grade 9/10 problem from Problem of the Week
(POTW). POTW is a free, weekly resource that the CEMC provides for teachers, parents, and
students. Each week, problems from various areas of mathematics are posted on our website
and e-mailed to our subscribers. Solutions to the problems are e-mailed one week later, along
with a new problem. POTW is available in 5 levels: A (grade 3/4), B (grade 5/6), C (grade
7/8), D (grade 9/10), and E (grade 11/12).

To subscribe to Problem of the Week and to find many more past problems and their solutions
visit: https://www.cemc.uwaterloo.ca/resources/potw.php



https://www.cemc.uwaterloo.ca/resources/potw.php
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Problem of the Week
Problem D and Solution
Go Fly a Kite

Problem

Amanda wants to fly a kite. The kite is composed of two isosceles triangles, AABD and
ABCD. The height of ABCD is 2 times the height of AABD, and the width of the kite, BD,
is 1.5 times the height of the larger triangle. If the area of the kite is 1800 cm?, what is the
perimeter of the kite?

Solution

Let the height of AABD be AE = x. Therefore, the height of ABCD is
CF = 2x. Also, the width of the kite is BD = 3x. Therefore, the base of each
triangle is 3.

3x

2x
D rE B

<& >
< »

3z

&
<
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C
2 2
The area of ABC'D = M — 322 and the area of AABD = (Bx;(x) = 35 .
Also,
area of kite ABC'D = area of ABCD + area of AABD
= 32° + 3—932
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Now, to find the perimeter of the kite, we need to find the lengths of the sides of
the kite.

Since AABD is isosceles, I/ will bisect BD and therefore

DFE = BE = 1.5z = 30. This is shown below in the diagram to the left.
Similarily, ABC'D is isosceles, F' will bisect BD, and therefore

DF = BF = 1.5x = 30. This is shown below in the diagram to the right.

1.5z = 30

D tH ]
A
m
D i [E2R— B
1.5z = 30 30
C

Using the Pythagorean Theorem in AAED,
AD? = 20%+ 30
= 400 + 900
= 1300
AD = m, since AD > 0.
Also AB = AD = /1300 cm.

Similiarily in ADFC, DC? — 302 & 402
= 2500

DC = 50, since DC' > 0.
Also, BC = DC = 50 cm.

Now,

the perimeter of the kite = /1300 + v/1300 4 50 + 50
= 2v1300 + 100
~ 172.1

Therefore, the exact perimeter is 24/1300 4+ 100 cm or approximately 172.1 cm.

Note:
The expression v/1300 can be simplified as follows:
V1300 = /100 x 13 = /100 x v/13 = 10/13.

Therefore, the exact perimeter is
24/1300 + 100 = 2(104/13) 4+ 100 = 20+/13 + 100 cm.
=] s
i

A o
e i

4
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CEMC at Home

Grade 9/10 - Friday, April 3, 2020
Surprise Party

You are planning a surprise party for your friend, Eve. To prevent Eve from finding out about the
details of the party, you and the other party planners have agreed to communicate in code. You have
chosen to code your messages using a substitution cipher known as the Caesar cipher. A substitution
cipher works by systematically replacing each letter (or symbol) in a message with a different letter
(or symbol). A Caesar cipher involves “shifting” the alphabet.

In order to code messages using a Caesar cipher, your group first needs to choose an integer k from
1 to 25, inclusive. This integer k is called the key for the cipher, and determines by how many places
the alphabet will be shifted. To encrypt a message (that is, to change the message from regular text
to code) each letter in the message is replaced with the letter that appears k positions to the right in
the alphabet. For example, to encrypt the message CAKE using a key of 3, the letter C is replaced
with the letter F, which is 3 positions to the right, and the original message CAXE becomes the
encrypted (or coded) message FD N H.

A/BICID|E|F|IG|H|I|J|K|LIM|N|O|/P|Q|R|S|T|U|VIW|X|Y|Z

Note that if you cannot move k places to the right in the alphabet, then you wrap around to the
beginning. For example, the letter 3 places to the right of Y is B.

To decrypt a message (that is, to change the code back to regular text) each letter in the coded
message is replaced with the letter that appears k positions to the left, wrapping around if necessary.
For example, to decrypt the message F OR Z Q using the same key of 3, the letter F is replaced with
the letter C, and the coded message FOR Z Q can be revealed to be the message CL 0 W N.

A/BICID|E|F|IG|H|I|J|K|LIM|N|O|P|Q|R|S|T|U|VIW|X|Y|Z

For the questions below, consider making your own Caesar Cipher Decoding Wheel (see last page)
to help you encrypt and decrypt. Alternatively, if you have some programming knowledge you can
create a computer program that can encrypt and decrypt messages given some text and a key as input.

Questions:
1. Using a key of 6, encrypt the message PARTY STARTS AT SEVEN.
2. Using a key of 24, decrypt the message RFC RFCKC GQ DYLRYQW.

3. The other party planners sent you the following message but the key got lost. Can you still
decrypt the message? Hint: What is the most commonly used letter in the English language?

PFRPYP HTWW MCTYR ESP NLVP LYO OPNZCLETZYD

More Info:
Check out the CEMC at Home webpage on Thursday, April 9 for the solution to Surprise Party.
For a slightly more challenging substitution cipher, check out the Vatsyayana Encryption Scheme.


https://cemc.uwaterloo.ca/resources/real-world/images/BreakingTheVatsyayanaEncryptionScheme.pdf

Caesar Cipher Decoding Wheel

Print and cut out the following two circles. Place the smaller circle on top of the larger circle and
attach them through the middle using a paper fastener (brad).

Sl

Rotate the circles so that the A’s are aligned. Then set your key by rotating the inner circle counter
clockwise. In the diagram below the key is set to 3.

You are now ready to encrypt and decrypt! To encrypt, replace each letter on the outer circle with
the corresponding letter on the inner circle. To decrypt, replace each letter on the inner circle with
the corresponding letter on the outer circle.
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CEMC at Home

Grade 9/10 - Friday, April 3, 2020
Surprise Party - Solution

Answers:
1. The encrypted messageis VGXZE YZGXZY GZ YKBKT.
2. The decrypted messageis THE THEME IS FANTASY.

3. One way to decode a message that is encrypted using a Caesar Cipher, when the key is unknown,
is to try all possible keys until one key produces a message that makes sense. There are only
25 possible keys, so this wouldn’t take too long.

A more clever way is to take advantage of letter frequencies in the English language. The most
common letter in the English language is E. The most common letter in the encrypted message
is P. This means that a good guess might be that the letter E has been shifted to the letter P.
This would make the key equal to 11. Using a key of 11, the decrypted message is:

EUGENE WILL BRING THE CAKE AND DECORATIONS

Note: An attempt to break a substitution cipher by using knowledge of commonly used letters or
phrases in a language, as we did above, is an example of what is called frequency analysis. For
frequency analysis to be as reliable as possible, we want to study as much text, encrypted using the
same cipher, as we can. If we have only a short message to work with, then it is very possible that
the letter E will not be the most frequently occurring letter in the original message (and we will be
tricked). If we have a very long message, or a very large quantity of messages, chances are good that
within a few tries we will have found the right match for the letter E.
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CEMC at Home

Grade 9/10 - Monday, April 6, 2020

Sprouts
You Will Need:

e Two players

e A piece of paper and a pencil

How to Play:
1. Start with two or three dots on the page, reasonably spaced out.
2. Players alternate turns. Decide which player will go first.

3. On your turn, do the following (if possible, according to the restrictions given in 4):

Draw a curve joining two existing dots and add a dot to the newly drawn curve.
Note that this curve can be drawn between two different dots, or in the form of a loop from one
dot back to itself.

4. Here are the restrictions on the moves performed in 3:

e You cannot draw a curve if it will result in a dot having more than three curve segments
coming in or out of the dot. In particular, you cannot draw a loop on a dot that already
has more than one curve segment coming in or out.

e You cannot draw a curve if it will have to cross an existing curve.
e The added dot cannot be placed on top of an existing dot.

5. The last person to successfully draw a new curve according to the rules wins the gamel!

An example of a complete game starting with 2 dots:

Start

Player 1
Joins A to B, adds C

Player 2

Joins A to A (loop), adds D

Player 1
Joins C to B, adds F

Player 2
Joins B to F, adds F'

L
B

B

D

A

B

Notice that, after these four turns, Player 1 cannot draw a new curve. Player 1 cannot draw a curve
from A since there are already three curve segments coming in or out of A (with two from the loop).
This is the same for dots B, C, and E. Player 1 cannot join D to F' since the curve would have
to cross an existing curve, and cannot draw a loop on D or F' as they each already have two curve
segments coming in or out. Therefore, Player 2 wins!

Play the game a number of times starting with 2 dots. Keep track of the total number of
turns it takes for each game to be won. Is there a certain number of turns after which the game is
guaranteed to have ended?

Play the game a number of times starting with 3 dots. Is there a certain number of turns
after which the game is guaranteed to have ended? How does this answer compare to your answer
for the game starting with 2 dots?

More Info: Check the CEMC at Home webpage on Tuesday, April 14 for a discussion of Sprouts.
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CEMC at Home

Grade 9/10 - Monday, April 6, 2020
Sprouts - Solution

Sprouts starting with 2 dots

While playing games of Sprouts starting with 2 dots, you may have noticed that each game ended
after at most 5 turns. Did you also notice that each game included at least 4 turns?

Sprouts starting with 3 dots

While playing games of Sprouts starting with 3 dots, you may have noticed that each game ended
after at most 8 turns. Did you also notice that each game included at least 6 turns?

We encourage you to think about each of these observations and see if you can explain why this
happened. We provide a discussion below to explain why any game starting with 3 dots must end
after at most 8 turns.

A game of Sprouts starting with 3 dots must end after at most 8 turns

First, we note that the game is over as soon as no dots in the game
can be part of a newly drawn curve. Remember that all dots in the
game can have at most three curve segments attached to them. We
will think of each dot as having three “slots” that can be filled. Curve
segments can be attached to a dot M in a few different ways as shown

below.
Curve drawn from M Loop drawn at M M added to a newly
to another dot drawn curve
M
D M O
or
M
This curve takes up one This loop takes up two This curve/loop takes up two
slot on dot M slots on dot M slots on dot M

The game starts with three dots and no curves. Since there are three dots in total, each having three
slots, the game starts with nine available slots.

After one turn is complete, one of two things has happened:
e a loop was added to one of the three dots, and a fourth dot was added to this loop, or
e a curve was drawn between two of the three dots, and a fourth dot was added to this curve.

In either case, after the first turn, there will be eight available slots remaining. Here we explain why:



Drawing a loop on a dot fills two of the three available slots on that particular dot, reducing us to
9 — 2 = 7 slots available for the three original dots. However, a fourth dot is also added to this loop.
Since two slots of this new dot are already taken, there is exactly one slot open on this new dot.
This means there are 7+ 1 = 8 slots available among the four dots now in the game. Notice that the
situation is similar if a curve is drawn from one dot to another dot: we fill two slots (one on each dot
at the ends of this curve), but gain one new slot from the fourth dot that is added.

In a similar way, we can argue that for each turn that follows, there is a net total loss of one slot per
turn. After turn 2 there are 7 slots left, after turn 3 there are 6 slots left, and so on. If the game
makes it to turn 8, then there can be only 1 slot left after turn 8 is complete. Since there must be
at least 2 slots available in order for a new curve to be drawn, we can be sure that there is no legal
move to make on turn 9. Therefore, we see that any game starting with 3 dots must end after at
most 8 turns.

Did one of your games last exactly 8 turns? Note that our discussion above does not argue that a
game can actually make it all the way to 8 turns, just that it is impossible for a game to make it
to 9 turns. Below is an example of a game that lasted exactly 8 turns, which shows that 8 is the
maximum number of turns attainable in a game starting with 3 dots.

Move | Endpoints | Added Point

1 A and B
B and C
A and C
B and D
E and C
Aand F
G and [
H and J

COl ~J| S| U I | W D
S~ | Q| D

Now try the following on your own:

e Explain why a game of Sprouts starting with 3 dots must last for at least 6 turns.

e Determine if a game of Sprouts starting with 3 dots can end in exactly 6 turns.

The game of Sprouts was invented by mathematicians John H. Conway (who died recently) and
Michael S. Paterson at Cambridge University.
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CEMC at Home

Grade 9/10 - Tuesday, April 7, 2020
Sum Code

In this puzzle, every letter of the alphabet represents a different integer from 1 to 26. Your task is
to figure out which number is assigned to each letter. To get you started, you are given that H = 20
and N = 17. Use the algebraic equations to crack the code and figure out the remaining assignments.

A/B|C|/D|E|F|G/ H|I | J|K|L|M
20
N|IO|P|Q|R|S|T| U|V W|X Y| Z
17

123456789 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Algebraic Equations

E=D XD V=CXxGC A=K+ L
B=E—-D Y X Y=P 4+ I U=K X T
H=E + D Y+ M=P —Y Z=0+W-—-K
B=T XD P=V+1 0O=W+ C
H=D x C R=F — R X=T x C
J=C—-T S=R —1J Q=G - N+ U
More Info:

Check out the CEMC at Home webpage on Tuesday, April 14 for a solution to Sum Code.
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CEMC at Home

Grade 9/10 - Tuesday, April 7, 2020
Sum Code - Solution

Answers
A B C D E F G H I J K L M
8 12 5 4 16 | 22 | 19 | 20 | 10 2 7 1 14
N 0 P Q R S T U Vv W X Y Z
17 | 18 | 26 | 23 | 11 9 3 12125 13| 15 6 24

Explanation

Since we are told that H = 20, and there are two equations involving the letter H, a good place to
start is with these equations.

E=DxD V=CxC A=K+ 1L
B=E—-D YXxY=P+41I U=K xT
H=E +D Y+ M=P Y Z=0+W-K
B=TxD P=V+1 0=W+C
H=D x C R=F—-R X=TxC
J=C-T S=R -1 Q=G - N+7T

The equation H = D x C tells us that D and C are a factor pair of 20. This means they could be 2
and 10 (in some order) or 4 and 5 (in some order). Note that they cannot be 1 and 20. (Why not?)

The equationsE = D x Dand V = C X C tell us more about this factor pair. If the factor pair is 2
and 10, then E and V are 4 and 100 (in some order). This is not possible since the numbers in this
code only range from 1 to 26. Therefore, it must be the case that the factor pair D and C are 4 and
5 (in some order) which means that E and V are 16 and 25 (in some order).

Suppose D = 5and C = 4. Then E = 25 and V = 16. Using the equation H = E 4+ D we get that H
= 25 4+ 5 = 30 which we know must be false. Since this is not the correct order of the factor pair,
we know we must have D = 4 and C = 5. In this case, we get E = 16 and V = 25. We confirm with
equation H = E 4+ D that we get H = 20 as expected.

We now know for certain the values of D, C, E and V. By substituting these values into all of the
relevant equations above, we can also determine the values for B, T, J, P, and X.

To proceed further, consider the equation Y x Y = P + I. This tells us that P + I is a perfect
square. What does this tell us about possible values for I and Y? What does this information,
combined with the equation Y + M = P — Y, reveal about the value of M?

By substituting values we already know into equations, and combining equations that contain com-
mon letters, we can proceed to crack the rest of the code, as indicated in the answer key above.
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CEMC at Home
Grade 9/10 - Wednesday, April 8, 2020
Buying Local

Last week five people (Charlie, Manuel, Priya, Sal, and Tina) shopped at a local farmers’ market.
Each person went on a different day (Monday through Friday), bought a different item (carrots,
blueberries, tomatoes, apples, or potatoes), and spent a different amount of money ($1.50, $2.00,

$2.50, $3.50, or $3.75).
Use the clues below to determine who went on each day, what they bought, and for how much.

1. Sal went to the market two days before Priya.
2. Manuel spent $3.75 at the market the day before someone bought tomatoes.

Charlie paid $2.50 for carrots the day after someone spent $3.50.

-~ W

The person who went on Wednesday bought apples.

5. Someone bought potatoes for $2.00 on Monday

You may find the following table useful in organizing your solution.

Monday
Tuesday
Wednesday
Thursday
Blueberries
Tomatoes
Potatoes
$1.50

Friday
Carrots
Apples
$2.00
$2.50
$3.50
$3.75

Charlie
Manuel

Priya
Sal
Tina
$1.50
$2.00
$2.50
$3.50
$3.75

Carrots

Blueberries

Tomatoes

Apples

Potatoes

More Info:
Check out the CEMC at Home webpage on Wednesday, April 15 for a solution to Buying Local.

This type of puzzle is known as a logic puzzle and we sometimes include them in Problem of the
Week. Here is one called Winter Carnival Event.


https://cemc.uwaterloo.ca/resources/potw/2019-20/English/POTWD-19-NA-23-P.pdf
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CEMC at Home

Grade 9/10 - Wednesday, April 8, 2020
Buying Local - Solution

Answer

e Charlie bought carrots for $2.50 on Friday

Manuel bought apples for $3.75 on Wednesday

Priya bought tomatoes for $3.50 on Thursday

Sal bought blueberries for $1.50 on Tuesday

Tina bought potatoes for $2.00 on Monday

Explanation

There are many different ways to arrive at the answers above. You may have used the chart provided
with the problem to keep track of matches that were confirmed or deemed impossible while examining
and combining the different clues. Below we present an explanation in words only. It may be helpful
to follow along by filling out the chart given with the problem as you read.

The apples were purchased on Wednesday (clue 4). The potatoes were purchased for $2.00 on Monday
(clue 5). The carrots were not purchased on Tuesday because then the potatoes would cost $3.50
instead of $2.00 (clue 3). So the carrots were purchased for $2.50 on either Thursday or Friday. The
tomatoes were not purchased on Tuesday because then the potatoes would cost $3.75 instead of $2.00
(clues 2 and 5). The tomatoes were not purchased on Friday because if they were, then the carrots
were purchased on Thursday, and the carrots would cost $3.75 instead of $2.50 (clues 2 and 3).

So the potatoes were purchased for $2.00 on Monday, the blueberries were purchased on Tuesday,
the apples were purchased on Wednesday, the tomatoes were purchased on Thursday, and the carrots
were purchased for $2.50 on Friday.

Manuel spent $3.75 on Wednesday purchasing apples (clue 2). Charlie spent $2.50 on Friday purchas-
ing carrots, and someone spent $3.50 on Thursday purchasing tomatoes (clue 3). Since the potatoes
cost $2.00 (clue 5) someone spent $1.50 on Tuesday purchasing blueberries. Priya, Sal, and Tina
went to the market on Monday, Tuesday, and Thursday in some order. Since Sal went two days
before Priya (clue 1), then it must be the case that Sal went on Tuesday, Priya went on Thursday,
and Tina went on Monday.
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CEMC at Home features Problem of the Week

Grade 9/10 - Thursday, April 9, 2020
Tokens Taken

Three bags each contain tokens. The green bag contains 22 round green tokens, each with a different
integer from 1 to 22. The red bag contains 15 triangular red tokens, each with a different integer
from 1 to 15. The blue bag contains 10 square blue tokens, each with a different integer from 1 to
10.

Any token in a specific bag has the same chance of being selected as any other token from that same
bag. There is a total of 22 x 15 x 10 = 3300 different combinations of tokens created by selecting
one token from each bag. Note that selecting the 7 red token, the 5 blue token and 3 green token is
different than selecting the 5 red token, 7 blue token and the 3 green token. The order of selection
does not matter.

( D

You select one token from each bag. What is the probability that two or more of the selected tokens
have the number 5 on them?

More Info:

Check the CEMC at Home webpage on Thursday, April 16 for the solution to this problem.
Alternatively, subscribe to Problem of the Week at the link below and have the solution, along with
a new problem, emailed to you on Thursday, April 16.

This CEMC at Home resource is the current grade 9/10 problem from Problem of the Week
(POTW). POTW is a free, weekly resource that the CEMC provides for teachers, parents, and
students. Each week, problems from various areas of mathematics are posted on our website
and e-mailed to our subscribers. Solutions to the problems are e-mailed one week later, along
with a new problem. POTW is available in 5 levels: A (grade 3/4), B (grade 5/6), C (grade
7/8), D (grade 9/10), and E (grade 11/12).

To subscribe to Problem of the Week and to find many more past problems and their solutions
visit: https://www.cemc.uwaterloo.ca/resources/potw.php



https://www.cemc.uwaterloo.ca/resources/potw.php
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7 5 3 Problem of the Week
~— Problem D and Solution
Tokens Taken

Problem

Three bags each contain tokens. The green bag contains 22 round green tokens, each with a
different integer from 1 to 22. The red bag contains 15 triangular red tokens, each with a
different integer from 1 to 15. The blue bag contains 10 square blue tokens, each with a
different integer from 1 to 10.

Any token in a specific bag has the same chance of being selected as any other token from that
same bag. There is a total of 22 x 15 x 10 = 3300 different combinations of tokens created by
selecting one token from each bag. Note that selecting the 7 red token, the 5 blue token and 3
green token is different than selecting the 5 red token, 7 blue token and the 3 green token. The
order of selection does not matter.

You select one token from each bag. What is the probability that two or more of the selected
tokens have the number 5 on them?

Solution
Solution 1

There are 22 different numbers which can be chosen from the green bag, 15 different numbers
which can be chosen from the red bag, and 10 different numbers which can be chosen from the
blue bag. So there are a total of 22 x 15 x 10 = 3300 different combinations of numbers which
can be produced by selecting one token from each bag.

To count the number of possibilities for a 5 to appear on at least two of the tokens, we will
consider cases.

1. Each of the selected tokens has a 5 on it.

This can only occur in 1 way.

2. A 5 appears on the green token and on the red token but not on the blue token.
There are 9 choices for the blue token excluding the 5. A 5 can appear on the green
token and on the red token but not on the blue token in 9 ways.

3. A 5 appears on the green token and on the blue token but not on the red token.
There are 14 choices for the red token excluding the 5. A 5 can appear on the green
token and on the blue token but not on the red token in 14 ways.

4. A 5 appears on the red token and on the blue token but not on the green token.

There are 21 choices for the green token excluding the 5. A 5 can appear on the red
token and on the blue token but not on the green token in 21 ways.

Summing the results from each of the cases, the total number of ways for a 5 to appear on at
least two of the tokens is 1 + 9 + 14 + 21 = 45. The probability of 5 appearing on at least two
45 _ 3

of the tokens is 3300 = 395

[Ef i
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Solution 2

This solution uses a known result from probability theory. If the probability of event A
occurring is a, the probability of event B occurring is b, the probability of event C' occurring is
¢, and the results are not dependent on each other, then the probability of all three events
happening is a X b X c.

The probability of a specific number being selected from the green bag is % and the
probability of any specific number not being selected from the green bag is %

The probability of a specific number being selected from the red bag is 1—15 and the probability
of any specific number not being selected from the red bag is }—‘51.

The probability of a specific number being selected from the blue bag is % and the probability
of any specific number not being selected from the blue bag is 1%.

In the following we will use P(p,q,r) to mean the probability of p being selected from the
green bag, ¢ being selected from the red bag, and r being selected from the blue bag. So,
P(5,5, not 5) means that we want the probability of a 5 being selected from the green bag, a 5

being selected from the red bag, and anything but a 5 being selected from the blue bag.

Probability of 5 being selected from at least two of the bags
= Probability of 5 from each bag 4+ Probability of 5 from exactly 2 bags

= P(5,5,5) + P(5,5,n0t5) + P(5,not5 5 + P(notbh, 5, 5)
1 1 1 1 1 9 1 14 1 21 1 1
= —X—X-— + —X-—X-— 4+ —X-—X-— + —X-—X—
22 15 10 22 15 10 22 15 10 22 15 10
B 1 9 14 21
- 3300 " 3300 " 3300 " 3300
"
~ 3300
3
~ 220

3
The probability of 5 appearing on at least two of the tokens is 290"

]
e

i .

e
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CEMC at Home

Grade 9/10 - Tuesday, April 14, 2020
Some Loose Change

In the little-known country of Galbrathia, there are only two types of money: a 5 J coin and a 9 J
bill. Using this money, you can make some amounts, but not others. For example, you can make
19 J using two 5 J coins and one 9 J bill, but there is no way to make 17 J using these coins and
bills.

Our goal is to determine the largest amount of money that cannot be made using these bills and coins.
1. Show how you can make 23 J using these bills and coins.
2. Explain why you cannot make 17 J using these bills and coins.

3. The table below shows one way to make each value from 40 J to 44 J, inclusive:

Amount (in J) | # of 5 J coins | # of 9 J bills
40 8 0
41 1 4
42 3 3
43 ) 2
44 7 1

Explain how we could use this information to make each value from 45 J to 49 J, inclusive.

To start, think about how the information in the table about 40 J can help you make 45 J.

4. Explain how the information in 3. allows us to say that we can make every amount that is at
least 40 J.

To start, think about how you might make the values from 50 J to 54 J.

5. What is the largest amount N J that cannot be made using these bills and coins?

To answer this question fully, you will need to do some work to figure out what you think the
value of the positive integer N is. Neat, you’ll need to argue that N J cannot in fact be made.
Finally, you’ll need to argue that every value from (N +1) J onward can be made. You'll likely
want to “work backwards” using what you learned from 3. and 4..

Extensions:

A. There are three ways to make 90 J using these bills and coins: using 18 coins, using 9 coins
and 5 bills, or using 10 bills. (To move from one way to the next way, we have traded 9 coins
for 5 bills, since these have equal value.) How many ways are there to make 900 J using these
bills and coins?

B. In the neighbouring country of Pnoll, stamps are issued in amounts of 7 K, 9 K, and 11 K.
What is the largest amount of postage that cannot be made using these stamps?

More Info:
Check out the CEMC at Home webpage on Tuesday, April 21 for a solution to Some Loose Change.
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CEMC at Home

Grade 9/10 - Tuesday, April 14, 2020
Some Loose Change - Solution

. Since 23 J=2x9J+1 x5 ], then we can can use 2 bills and 1 coin.

. Since 2 X 9 is greater than 17, then to make 17 J, we must use either zero bills or one bill.
If zero 9 J bills are used, then the entire 17 J must be made using 5 J coins.

Since 17 is not divisible by 5, this is not possible.

If one 9 J bill is used, then the remaining 8 J must be made using 5 J coins.

Since 8 is not divisible by 5, this is not possible.

Therefore, it is not possible to make 17 J using these bills and coins.

. We start with the combinations of coins and bills that make up each of 40 J through 44 J,
inclusive.

If we add one 5 J coin to each of these combinations, we add 5 J to each total to get totals
from 45 J through 49 J, inclusive.

We can summarize these in a table:

Amount (in J) | # of 5 J coins | # of 9 J bills
40
41
42
43
44
45
46
47
48
49

0O N © ] UTW R
RN WR O RN WRO

. Adding one 5 J coin to each of the combinations that make five consecutive amounts (like 40 J
to 44 J) allows us to make the next five consecutive amounts (in this case, 45 J to 49 J).
Because we can continue to do this indefinitely, we can make any amount that is at least 40 J.
Given any such amount, can you describe a quick way to determine a number of bills and coins
that can be used to make this amount?

. The table below shows that we can make each amount from 32 J to 36 J, inclusive:

Amount (in J) | # of 5 J coins | # of 9 J bills
32 1 3
33 3 2
34 ) 1
35 7 0
36 0 4

Repeating the argument from 4., this table shows that we can in fact make every amount that
is at least 32 J.
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It is impossible to make 31 J using only these coins and bills. (Can you modify the argument

from 2. to show this?)
Since we cannot make 31 J and we can make every amount that is at least 32 J, then 31 J is
the largest amount that we cannot make using these bills and coins.

FExtensions:

A. We can make 900 J using 100 bills and 0 coins.
Since 5 bills and 9 coins have the same value, we can trade 5 bills for 9 coins.
This means that we can make 900 J using 95 bills and 9 coins.
How many times can you repeat this process before no further trades are possible?

B. Try working with just 7 K and 9 K stamps first and work through similar steps to 3., 4., and
5. from earlier.
Once you know the largest amount that cannot be made with just 7 K and 9 K stamps, try
introducing 11 K stamps to see what amounts that you previously couldn’t make can now be
made.
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CEMC at Home

Grade 9/10 - Wednesday, April 15, 2020
Flipping Glasses

In this activity, we will flip glasses according to a set of rules and try to achieve certain targets.

You Will Need: Three empty glasses.

Rules:

iV =
e On each turn, you must flip two adjacent glasses. L;/ f
e Flipping a glass that is facing up changes it to facing down. {_Z—I_k “
Up

e Flipping a glass that is facing down changes it to facing up. Down
Activities: e
1. Line up your three glasses as shown in the picture to the right. Is it = =
possible to flip the glasses, according to the rules, so that all three [ j /!

glasses are facing up? If so, how many turns does it take? | = |

2. There are exactly eight different starting positions for the three glasses.

(a) Two possible starting positions are shown below. Complete the rest of the table.

| | h—a

[ |

JUUInUy

H || | E £

-~ =

(b) From which of these eight starting positions is it possible to flip the glasses, according to
the rules, so that all three glasses are eventually facing up?

(¢) From part (b), what do you notice about the original number of glasses facing down in
the scenarios where you can flip all three glasses so that they are eventually facing up?

Extension: Suppose you now have eight

-G-GO -G -4¢
glasses lined up as shown. Is it possible to flip '
the glasses, according to the rules, so that all , , ,

D =G NN — G (N I — G S S I S

eight glasses are eventually facing up?

More Info:
Check out the CEMC at Home webpage on Wednesday, April 22 for a solution to Flipping Glasses.

You can model your solutions using a finite state machine as shown with the Glasses question on the
2012 Beaver Computing Challenge and the CEMC at Home resource Where Am I? from April 1.


https://cemc.uwaterloo.ca/contests/past_contests/2012/2012BCCSolution.pdf
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CEMC at Home

Grade 9/10 - Wednesday, April 15, 2020
Flipping Glasses - Solution

1. It is possible to flip the three glasses in two turns so that all three glasses are facing up.

Here are images describing one possible solution:

%“ D= % = ‘\ ‘;\ ‘
U unn UUY
Start Turn 1 CTurn 2

To visualize the transformation of the glasses after each turn (i.e. facing up or down), we can
use a finite state machine:

— Each circle represents a possible state of the three glasses, where D represents a glass facing
down and U represents a glass facing up.

— The starting state is the circle with the arrow “out of nowhere” pointing to it (DUD).

— To transition between states, follow an arrow by performing the action describing it.

— The desired state is the circle with the double border around it (final state).

From the diagram above, we see that there are two different ways to arrive at the desired state (UUU)
in exactly two turns (or two transitions from the starting state). One of these two solutions was
outlined earlier (using images).

Note: If we flip the first and the third glass from the starting state, this would also result in the
desired state of UUU. However, this is not a valid transition since these glasses are not adjacent.



| The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

2. (a) Here are the eight different starting positions for the three glasses.

L00Y | VAR |, AYA |, BAN

(b) You are able to flip all three glasses so that they are facing up only if you start with
position 1, 5, 6, or 7. Starting position 1 already has all three glasses facing up, so we
don’t have to do anything. In question 1, we showed that the glasses starting in position
7 can be flipped so that all three glasses are facing up. Positions 5 and 6 can be flipped
to UUU in one turn. Another way to think about this is to notice that states 1, 5, 6, and
7 are exactly the states in the finite state machine from Question 1. By following arrows,
it is possible to move between any two of these four states. In particular, it is possible to
get from any of states 5, 6, and 7 to state 1.

You may have also figured out that it is impossible to reach UUU from the starting states
2, 3, 4, or 8. An explanation of this will be provided in part (c).

(c) In each of the starting positions for which it is possible to flip the glasses so that all three
are facing up, there are either 0 or 2 glasses facing down.

On each turn, two adjacent glasses are flipped causing one of the following three outcomes:

x If the two glasses were facing down, the number of glasses facing up increases by two.
x If the two glasses were facing up, the number of glasses facing up decreases by two.

x If one glass was facing up and the other was facing down, the number of glasses facing
up does not change.

Therefore, on each turn, the number of glasses facing down either increases by two, de-
creases by two, or stays the same. A consequence of this is that if the number of glasses
facing down at the beginning is odd, then the number of glasses facing down will always
be odd, and hence can never be 0.

In starting positions 2, 3, 4, and 8, an odd number of glasses are facing down. This means
that no sequence of valid flips can change any of them to the state UUU (which has 0 glasses
facing down). Put differently, a state must have an even number of glasses facing down for
there to be a chance to change it to UUU. In part (b), we we confirmed that it is actually
possible to do this for all states starting with an even number of glasses facing down.

Extension: It is not possible to have all eight glasses facing up. We can generalize our reasoning
from 2(c) beyond three glasses. The observation at the end of part (c) is true for any number of
glasses. That is, if there are an odd number of glasses facing down at the beginning, then there will
alwa